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1 Introduction

Generalized inverse of a given m × n matrix is a very useful concept. Their
utility is well recognized in least squares estimation method. Their properties
help estimate estimable parametric functions. Therefore, as a precursor to
method of least squares study of generalized inverses is a must.

A generalized inverse always exists. However, it may not be unique. That
is, many generalized inverses exist for a given matrix. In what follows basic
definitions and important theorems are enunciated. The learner is required to
understand these and attempt the exercises in the concluding section. Note that
we are searching for solutions of a set of simultaneous linear equations AX = Y .
Generalized inverses arise as a solution to these set of linear equations.

2 Basic concepts and definitions

Definition 1 M(A) is the vector space spanned by the columns of matrix A.
Consider the set of all possible linear combinations of columns of A. This set is
M(A).

Definition 2 Consider an m×n matrix A of any rank. A generalized inverse
of A or a g-inverse of A is an n×m matrix, denoted by A−, such that X = A−Y
is a solution to the equation AX = Y for any Y εM(A).

Definition 3 A−A := H

Definition 4 A choice G of g-inverse of A satisfying the conditions AGA = A
and GAG = G is called a reflexive g-inverse of A.

Definition 5 The matrix A∗ is said to be the conjugate transpose of A, if the
(i, j) entry of A∗ is the complex conjugate of the (j, i) entry of A.

Definition 6 Moore and Penrose defined a generalized inverse as a matrix
A+ to distinguish it from a general g-inverse A− satisfying the properties

1. AA+A = A

2. A+AA+ = A+

3. (AA+)∗ = AA+

4. (A+A)∗ = A+A

such an inverse exists and is unique.
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3 Theorems

Theorem 1 A− is a g-inverse ⇔ AA−A = A.

Theorem 2 H2 = H, that is, H is idempotent.

Theorem 3 AH = A

Theorem 4 rank(A) = rank(H) = trace(H)

Theorem 5 A general solution of AX = 0 is (H − I)Z where Z is arbitrary.

Theorem 6 A general solution of a consistent equation AX = Y is A−Y +
(H − I)Z where Z is arbitrary.

Theorem 7 Q
′
X has a unique value for all X satisfying AX = Y , if and

only if Q
′
H = Q

′
.

Theorem 8 A− exists and rank(A−) ≥ rank(A).

Theorem 9 A− is a g-inverse ⇔ A−A is idempotent and R(A−A) = R(A).

Theorem 9 A− is a g-inverse ⇔ AA− is idempotent and R(AA−) = R(A).

Theorem 10 The general solution of AXA = A can be expressed in three
alternative forms:

1. X = A− + U −A−AUAA−

2. X = A− + V (I −AA−) + (I −A−A)W

3. X = A− + V (I − PA) + (I − PA∗)U

where, A− is any particular g-inverse, PA and PA∗ are the projection operators
onto M(A) and M(A∗) respectively, and U, V,W are arbitrary matrices.

Theorem 11 A(A∗A)−A∗A = A

Theorem 12 A∗A(A∗A)−A∗ = A∗

Theorem 13 A necessary and sufficient condition that BA−A = B is that
M(B

′
) ⊂M(A

′
).
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Theorem 14 Let B and C be non-null matrices.Then BA−C is invariant for
any choice of A− iff M(B

′
) ⊂M(A

′
) and M(C) ⊂M(A).

Theorem 15 A(A∗A)−A∗ is hermitian and invariant for any choice of the
g-inverse (A∗A)−.
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4 Exercises

Ex 1 Identify the correct options among the four options provided:

1. If A− is a g-inverse of A then Which among the following is / are definitions
of a g-inverse?

(a) AA− is idempotent.

(b) A−A is idempotent.

(c) AA−A = A

(d) A−AA− = A−.

2. AX = Y is called a homogeneous system of linear equations if

(a) X = 0

(b) Y = 0

(c) A = O

(d) X − Y = 0

3. Which among the following is / are true about a homogeneous system of
linear equations

(a) The system is consistent.

(b) The system is inconsistent.

(c) The system admits a unique solution.

(d) The system may have multiple solutions.

4. AX = Y is a consistent system of equations. Then, which among the
following alternatives is an expression for the general solution? Here, Z
is arbitrary and A− is a g-inverse of A.

(a) X = A−Y

(b) X = A−Y + (A−A− I)Z

(c) X = (A−A− I)Z

(d) X = (A−A+ I)Z

5. Which among the following alternatives is / are True?

(a) rank(A) ≥ rank(A−)

(b) rank(A−) ≥ rank(A)

(c) rank(AA−) = rank(A)

(d) rank(AA−) = trace(A)

6. Which among the following alternatives is / are True?
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(a) AX = Y is a consistent system of equations, then A− always exists.

(b) A− is defined for square matrices only.

(c) A− is unique, i.e., there is only one g-inverse for a matrix A.

(d) For AX = Y to be consistent Y εM(A).

7. The value of the expression A(A−A− I) is

(a) I, the identity matrix

(b) O, the zero matrix

(c) A−1

(d) A−

8. Given B3×3. What is rank(B)?

B =

4 0 3
4 0 6
0 4 9


(a) 3

(b) < 3

(c) > 3

(d) inf

9. Given C3×3. Which among the following statements is TRUE about the
columns of C.

C =

4 0 1
0 −2 2
0 0 9


(a) The column vectors of C make up an independent set.

(b) The column vectors of C make up a dependent set.

(c) rank(C) = 3

(d) rank(C) > 3

10. For three vectors X, Y and Z, it is given that X −Y = Z. Then which
among the following statements is / are TRUE?

(a) X,Y,Z is an independent set.

(b) X,Y,Z is a dependent set.

(c) 2X, 2Y, 2Z is an independent set.

(d) 3X, 3Y, 3Z is a dependent set.
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