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Throughout the long history of optics, and indeed until tieidy recently, it was
thought that all optical media were linear. The consequewntehis assumption are
far-reaching:

m The optical properties of materials, such as refractivexnahd absorption coef-

ficient, are independent of light intensity.

m The principle of superposition, a fundamental tenet ofsitas optics, is applica-

ble.

m The frequency of light is never altered by its passage thi@ugedium.

= Two beams of light in the same region of a medium have no effieaach other

so that light cannot be used to control light.
The operation of the first laser in 1960 enabled us to exarhia®d¢havior of light in
optical materials at higher intensities than previouslygilole. Experiments carried out
in the post-laser era clearly demonstrate that optical enédiin fact exhibit nonlinear
behavior, as exemplified by the following observations:

m The refractive index, and consequently the speed of liglat imonlinear optical

medium, does depend on light intensity.

m The principle of superposition is violated in a nonlineaticgd medium.

= The frequency of light is altered as it passes through a neatioptical medium;

the light can change from red to blue, for example.

m Photons do interact within the confines of a nonlinear optiedium so that light

can indeed be used to control light.
The field of nonlinear optics offers a host of fascinating qdveena, many of which
are also eminently useful.

Nonlinear optical behavior is not observed when light ttave free space. The
“nonlinearity” resides in the medium through which the ligfavels, rather than in the
light itself. The interaction of light with light is therefe mediated by the nonlinear
medium: the presence of an optical field modifies the progedf the medium, which
in turn causes another optical field, or even the origina fieskelf, to be modified.

As discussed in Chapter 5, the properties of a dielectricimnedhrough which
an optical electromagnetic wave propagates are descrip#telrelation between the
polarization-density vectdP(r, ) and the electric-field vectd(r, ¢). Indeed it is use-
ful to view P(r, t) as the output of a system whose inpu€ig, t). The mathematical
relation between the vector functiof¥r,¢) and E(r, t), which is governed by the
characteristics of the medium, defines the system. The medisaid to be nonlinear
if this relation is nonlinear (see Sec. 5.2).

This Chapter

In Chapter 5, dielectric media were further classified wihpect to their dispersive-
ness, homogeneity, and isotropy (see Sec. 5.2). To focueequrincipal effect of inter-
est — nonlinearity — the first portion of our exposition istreged to a medium that
is nondispersive, homogeneous, and isotropic. The veft@dE are consequently
parallel at every position and time and may therefore be @é&gion a component-by-
component basis.

The theory of nonlinear optics and its applications is pnéset at two levels. A
simplified approach is provided in Secs. 21.1-21.3. ThiglisWwed by a more detailed
analysis of the same phenomenain Sec. 21.4 and Sec. 21.5.

The propagation of light in media characterized by a seamdey (quadratic) non-
linear relation betweef® and€ is described in Sec. 21.2 and Sec. 21.4. Applications
include the frequency doubling of a monochromatic wasecond-harmonic genera-
tion), the mixing of two monochromatic waves to generate a thslenat their sum or
difference frequenciedréquency conversignthe use of two monochromatic waves
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21.1 NONLINEAR OPTICAL MEDIA 875

to amplify a third wave garametric amplificatiojy and the incorporation of feedback
in a parametric-amplification device to create an oscitlig@rametric oscillation.
Wave propagation in a medium with a third-order (cubic) tiefabetweern? and &

is discussed in Secs. 21.3 and 21.5. Applications incthad-harmonic generation
self-phase modulatigrself-focusingfour-wave mixingandphase conjugationThe
behavior of anisotropic and dispersive nonlinear opticatlia is briefly considered in
Secs. 21.6 and 21.7, respectively.

Nonlinear Optics in Other Chapters

A principal assumption of the treatment provided in thisptkais that the medium
is passive, i.e., it does not exchange energy with the ligiviefs). Waves of different
frequencies may exchange energy with one another via thinean property of the
medium, but their total energy is conserved. This class ofinear phenomena are
known asparametric interactions. Several nonlinear phenomena involving nonpara-
metric interactions are described in other chapters ofibak:

m Laser interactionsThe interaction of light with a medium at frequencies near
the resonances of an atomic or molecular transitions iesjbhenomena such as
absorption, and stimulated and spontaneous emissionsasikd in Sec. 13.3.
These interactions become nonlinear when the light is serffily intense so that
the populations of the various energy levels are signifigaaitered. Nonlinear
optical effects are manifested in the saturation of laseplidiers and saturable
absorbers (Sec. 14.4).

= Multiphoton absorptionintense light can induce the absorption of a collection
of photons whose total energy matches that of an atomiciti@ms~or k-photon
absorption, the rate of absorption is proportionalltp where! is the optical
intensity. This nonlinear-optical phenomenon is desctiméefly in Sec. 13.5B.

m Nonlinear scattering Nonlinear inelastic scattering involves the interactafn
light with the vibrational or acoustic modes of a medium. Egpdes include
stimulated Raman and stimulated Brillouin scattering,escdbed in Secs. 13.5C
and 14.3D.

It is also assumed throughout this chapter that the lighteiscdbed by stationary
continuous waves. Nonstationary nonlinear optical phezr@aninclude:

= Nonlinear optics of pulsed lighThe parametric interaction of optical pulses with
a nonlinear medium is described in Sec. 22.5.

m Optical solitonsare light pulses that travel over exceptionally long distmn
through nonlinear dispersive media without changing thadith or shape. This
nonlinear phenomenon is the result of a balance betweeargisp and nonlinear
self-phase modulation, as described in Sec. 22.5B. Thefus#itons in optical
fiber communications systems is described in Sec. 24.2E.

Yet another nonlinear optical effectaptical bistability This involves nonlinear opti-
cal effects together with feedback. Applications in phat@witching are described in
Sec. 23.4.

21.1 NONLINEAR OPTICAL MEDIA

Alinear dielectric medium is characterized by a lineartielabetween the polarization
density and the electric fiel®, = ¢,x&, wheree, is the permittivity of free space and
x is the electric susceptibility of the medium (see Sec. 5.2Ahonlinear dielectric
medium, on the other hand, is characterized by a nonlindgtiae betweer® and&
(see Sec. 5.2B), as illustrated in Fig. 21.1-1.

The nonlinearity may be of microscopic or macroscopic origihe polarization
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T} T'

- Figure 21.1-1 The P-€ relation
for (a) a linear dielectric medium,
(a) Linear (b) Nonlinear and ¢) a nonlinear medium.

density? = Np is a product of the individual dipole momeminduced by the applied
electric field€ and the number density of dipole momenNtsThe nonlinear behavior
may reside either ip orin N.

The relation betweep and€ is linear wher€ is small, but becomes nonlinear when
€ acquires values comparable to interatomic electric fielthich are typically~ 105—
10® V/m. This may be understood in terms of a simple Lorentz mauelhich the
dipole moment i = —ex, wherez is the displacement of a mass with chargeto
which an electric force-c€ is applied (see Sec. 5.5C). If the restraining elastic force
is proportional to the displacement (i.e., if Hooke’s lanséisfied), the equilibrium
displacement: is proportional tc€. In that casé? is proportional ta€ and the medium
is linear. However, if the restraining force is a nonlineandtion of the displacement,
the equilibrium displacement and the polarization density are nonlinear functions
of € and, consequently, the medium is nonlinear. The time dyosofian anharmonic
oscillator model describing a dielectric medium with thésatures is discussed in
Sec. 21.7.

Another possible origin of a nonlinear response of an optizgerial to light is the
dependence of the number densityon the optical field. An example is provided by
a laser medium in which the number of atoms occupying theggrievels involved in
the absorption and emission of light are dependent on tleasity of the light itself
(see Sec. 14.4).

Since externally applied optical electric fields are tyflicemall in comparison with
characteristic interatomic or crystalline fields, even wiacused laser light is used,
the nonlinearity is usually weak. The relation betw8eand€ is then approximately
linear for small€, deviating only slightly from linearity ag increases (see Fig. 21.1-
1). Under these circumstances, the function that rel@tes & can be expanded in a
Taylor series about = 0,

P=a1&+ 3a28% + faz€® + -+, (21.1-1)

and it suffices to use only a few terms. The coefficients:», andas are the first, sec-
ond, and third derivatives &f with respect t&, evaluated a€ = 0. These coefficients
are characteristic constants of the medium. The first termciwis linear, dominates
at small€. Clearly,a; = €,x, wherey is the linear susceptibility, which is related to
the dielectric constant and the refractive index of the mitby n?> = ¢/e, = 1 + x
[see (5.2-11)]. The second term represents a quadraticcondeorder nonlinearity,
the third term represents a third-order nonlinearity, andrs

It is customary to write (21.1-1) in the fofm

P=exE+2de2 +4y®ed ... (21.1-2)

T This nomenclature is used in a number of books, such as Az, Yauiantum ElectronicaWiley, 3rd ed. 1989.
An alternative relation = e, (€& + x? &2 4+ x®) &%), is used in other books, e.g., Y. R. Sh@he Principles
of Nonlinear OpticsWiley, 1984, paperback ed. 2002.
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whered = %ag andy® = 2ia3 are coefficients describing the strength of the second-
and third-order nonlinear e4ffects, respectively.

Equation (21.1-2) provides the essential mathematicabdhberization of a nonlin-
ear optical medium. Material dispersion, inhomogeneiig anisotropy have not been
taken into account both for the sake of simplicity and to émais to focus on the
essential features of nonlinear optical behavior. Sestin6 and 21.7 are devoted to
anisotropic and dispersive nonlinear media, respectively

In centrosymmetric media, which have inversion symmetrthadthe properties of
the medium are not altered by the transformaiien —r, theP—¢ function must have
odd symmetry, so that the reversaléfesults in the reversal &f without any other
change. The second-order nonlinear coefficiémhust then vanish, and the lowest
order nonlinearity is of third order.

Typical values of the second-order nonlinear coefficiérior dielectric crystals,
semiconductors, and organic materials used in photonijsicagions lie in the range
d = 1072*-1072! (C/V? in MKS units). Typical values of the third-order nonlinear
coefficientx® for glasses, crystals, semiconductors, semiconductpediglasses,
and organic materials of interest in photonics are in thimiticof x*) = 10~34-10-2°

(Cm/V3 in MKS units). Biased or asymmetric quantum wells offer &argnlinearities
in the mid and far infrared.

. ____________________________________________________________________________________________|
EXERCISE 21.1-1
Intensity of Light Required to Elicit Nonlinear Effects.

(a) Determine the light intensity (in W/cinat which the ratio of the second term to the first term in
(21.1-2) is 1% in an ADPH,H,PO,) crystal for whichn = 1.5 andd = 6.8 x 10~% C/V?2
at\, = 1.06 pm.

(b) Determine the light intensity at which the third term #1(1-2) is 1% of the first term in carbon
disulfide (CS,) for whichn = 1.6, d = 0, andx® = 4.4 x 10732 Cm/V? at \, = 694 nm.

Note: In accordance with (5.4-8), the light intensity is= |€y|?/2n = (€2)/n, wheren = n,/n

is the impedance of the medium ang = (u./¢,)"/? ~ 377 Q is the impedance of free space (see

Sec. 5.4).

The Nonlinear Wave Equation

The propagation of light in a nonlinear medium is governeth®wave equation (5.2-
25), which was derived from Maxwell's equations for an adiy homogeneous,
isotropic dielectric medium. The isotropy of the mediumwees that the vector®
and€ are always parallel so that they may be examined on a compoyeromponent
basis, which provides
1 9%¢ 9?P
2
E— = — = llo—>- 21.1-3
ViE= 3 gr T g ( )
Itis convenient to write the polarization density in (22)las a sum of lineag{x &)
and nonlinear®yy) parts,

P = e,xE + Px1, (21.1-4)
Parp = 2dE2 + 4\ B3 4. (21.1-5)

Using (21.1-4), along with the relatioms= c¢,/n, n?> = 1+ x, andc, = 1/(eopto)'/?
provided in (5.2-11) and (5.2-12), allows (21.1-3) to betten as
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1 9%¢
v2e — T oE = -8 (21.1-6)
%P
S =—p, &;L. (21.1-7)
Wave Equation
in Nonlinear Medium

It is convenient to regard (21.1-6) as a wave equation in lwthe terms is regarded
as a source that radiates in a linear medium of refractiveximd BecausePyy, (and
therefores) is a nonlinear function o€, (21.1-6) is a nonlinear partial differential
equation inE. This is the basic equation that underlies the theory ofineat optics.

Two approximate approaches to solving this nonlinear waumton can be called
upon. The first is an iterative approach known as the Bornadmiation. This approx-
imation underlies the simplified introduction to nonlineatics presented in Secs. 21.2
and 21.3. The second approach is a coupled-wave theory ohwitné nonlinear wave
equation is used to derive linear coupled partial diffdegrgiquations that govern the
interacting waves. This is the basis of the more advancely stiwave interactions in
nonlinear media presented in Sec. 21.4 and Sec.21.5.

Scattering Theory of Nonlinear Optics: The Born Approximat ion

The radiation sourcg in (21.1-6) is a function of the field that it, itself, radiates. To
emphasize this point we write = §(&) and illustrate the process by the simple block
diagram in Fig. 21.1-2. Suppose that an optical figidis incident on a nonlinear
medium confined to some volume as shown in the figure. Thisdieldtes a radiation
sourceS (&) that radiates an optical fielt} . The corresponding radiation souste ;)
radiates a field,, and so on. This process suggests an iterative solutioffirshstep

of which is known as thérst Born approximation . The second Born approximation
carries the process an additional step, and so on. The finst 8gproximation is

Incident Radiated
light & light &
\ 7
S —— Radiation ~ |— &
Radiation T— ]
S
source Nonlinear ( )
S(&y) medium

Figure 21.1-2 The first Born approximation. An incident optical fielg creates a sourc&(&y),
which radiates an optical field; .

adequate when the light intensity is sufficiently weak sa the nonlinearity is small.
In this approximation, light propagation through the noaér medium is regarded as a
scattering process in which the incident field is scattesetthb medium. The scattered
light is determined from the incident light in two steps:

1. Theincidentfield, is used to determine the nonlinear polarization derfity,
from which the radiation sourc¥ &) is determined.

2. The radiated (scattered) fielth is determined from the radiation source by
adding the spherical waves associated with the differamtcgopoints (as in the
theory of diffraction discussed in Sec. 4.3).
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The development presented in Sec. 21.2 and Sec. 21.3 aré agkee first Born
approximation. The initial field is assumed to contain one or several monochromatic
waves of different frequencies. The corresponding noalipalarizatiorPyy, is then
determined using (21.1-5) and the source funcédy) is evaluated using (21.1-7).
Since$ (&) is a nonlinear function, new frequencies are created. Thecedherefore
emits an optical field, with frequencies not presentin the original wage This leads
to numerous interesting phenomena that have been utilzethke useful nonlinear
optics devices.

21.2 SECOND-ORDER NONLINEAR OPTICS

In this section we examine the optical properties of a neainmedium in which
nonlinearities of order higher than the second are nedéig#o that

Pnr, = 2dE2. (21.2-1)

We consider an electric fielélcomprising one or two harmonic components and deter-
mine the spectral components®{... In accordance with the first Born approximation,
the radiation sourcg& contains the same spectral component®as and so, therefore,
does the emitted (scattered) field.

A. Second-Harmonic Generation (SHG) and Rectification

Consider the response of this nonlinear medium to a harnededtric field of angular
frequencyw (wavelength\, = 27¢,/w) and complex amplitud& (w),

&(t) = Re{E(w) exp(jwt)} = L[E(w) exp(jwt) + E*(w) exp(—jwt)]. (21.2-2)

The corresponding nonlinear polarization denshyy, is obtained by substituting
(21.2-2) into (21.2-1),

PrL(t) = Pai(0) + Re{ Pa(2w) exp(j2wt) } (21.2-3)

where
Pyi(0) = d E(w)E* (w) (21.2-4)
Pyp(2w) = d E*(w). (21.2-5)

This process is graphically illustrated in Fig. 21.2-1.

Second-Harmonic Generation (SHG)

The sourceS(t) = —u,0*Pn1/0t? corresponding to (21.2-3) has a component at
frequency2w with complex amplitudeS(2w) = 4p,w? dE(w)E(w), which radiates
an optical field at frequend@w (wavelength\,/2). Thus, the scattered optical field has
a component at the second harmonic of the incident optiddl f&gnce the amplitude
of the emitted second-harmonic light is proportionalSt@w), its intensity(2w) is

proportional to|S(2w)|?, which is proportional to the square of the intensity of the
incident wavel (w) = |E(w)|?/2n and to the square of the nonlinear coefficidnt
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/ TNL(I )
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DC Second-harmonic
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—
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MY

Figure 21.2-1 A sinusoidal electric field of angular frequenayin a second-order nonlinear
optical medium creates a polarization with a component.asecond-harmonic) and a steady (dc)
component.

Since the emissions are added coherently, the intensityeo§écond-harmonic wave
is proportional to the square of the length of the interarctiolumeL.

The efficiency of second-harmonic generatigglic = I(2w)/I(w) is therefore
proportional tol.2I (w). Sincel (w) = P /A, whereP is the incident power andl is the
cross-sectional area of the interaction volume, the SHGieffty is often expressed in
the form

L2

nsuc = C*—P, (21.2-6)
A

SHG Efficiency

whereC? is a constant (units of W) proportional tod? andw?. An expression fo€
will be provided in (21.4-36).

In accordance with (21.2-6), to maximize the SHG efficiertcis iessential that
the incident wave have the largest possible poReT his is accomplished by use of
pulsed lasers for which the energy is confined in time to obl@ige peak powers.
Additionally, to maximize the ratid.? /A, the wave must be focused to the smallest
possible areA and provide the longest possible interaction lengtt the dimensions
of the nonlinear crystal are not limiting factors, the masimvalue ofL for a given
areaA is limited by beam diffraction. For example, a Gaussian béacnsed to a
beam width¥, maintains a beam cross-sectional afea= 7W¢ over a depth of
focusL = 2z = 2nW§/\ [see (3.1-22)] so that the ratit? /A = 2L/\ = 4A/)\2.
The beam should then be focused to the largest spot sizespomding to the largest
depth of focus. In this case, the efficiency is proportional t For a thin crystall is
determined by the crystal and the beam should be focusee tntlallest spot are&d
[see Fig. 21.2-2«)]. For a thick crystal, the beam should be focused to theektrgpot
that fits within the cross-sectional area of the crystal [Sge21.2-2p)].

e e — L ——

e

(@) (b) (©)

Figure 21.2-2 Interaction volume in ad) thin crystal, ) thick crystal, and §) waveguide.
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Guided-wave structures offer the advantage of light confiera in a small cross-
sectional area over long distances [see Fig. 21c@:-2binceA is determined by the
size of the guided mode, the efficiency is proportional.to Optical waveguides take
the form of planar or channel waveguides (Chapter 8) or fif@hspter 9). Although
silica-glass fibers were initially ruled out for second+hanic generation since glass is
centrosymmetric (and therefore presumably &as 0), second-harmonic generation
is in fact observed in silica-glass fibers, an effect atteduo electric quadrupole and
magnetic dipole interactions and to defects and color cgimehe fiber core.

Figure 21.2-3 illustrates several configurations for gtsecond-harmonic-generation
in bulk materials and in waveguides, in which infrared lightonverted to visible light
and visible light is converted to the ultraviolet.

pre pZ
\ w ~ 2w —
(a) ( Ruby laser | | ———————————————

694 nm (red) / 347 nm (UV)
KDP crystél

- O . _

~

(b) Nd3+:YAG laser [
J  1.06 um (IR) Ge- and P-doped 530 nm (green)
silica-glass fiber
|
e w 790 nm (IR)
()

— > 2w 395nm (violet)
AlGaAs lafser

Figure 21.2-3 Optical second-harmonic generatiar) (n a bulk crystal; §) in a glass fiber;d)
within the cavity of a laser diode.

Optical Rectification

The componenPy,(0) in (21.2-3) corresponds to a steady (non-time-varyingapol
ization density that creates a DC potential difference sxtbe plates of a capacitor
within which the nonlinear material is placed (Fig. 21.2-he generation of a DC
voltage as a result of an intense optical field represenisadpéctification (in analogy
with the conversion of a sinusoidal AC voltage into a DC vgétan an ordinary
electronic rectifier). An optical pulse of several MW peakwveo, for example, may
generate a voltage of several hundrad

Light

Figure 21.2-4 The transmission of an intense
beam of light through a nonlinear crystal generates
a DC voltage across it.
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B. The Electro-Optic Effect

We now consider an electric fielt{¢t) comprising a harmonic component at an optical
frequencyw together with a steady component{at 0),

E(t) = E(0) + Re{E(w) exp(jwt)}. (21.2-7)

We distinguish between these two components by denotingl#utric field Z(0) and
the optical fieldE(w). In fact, both components are electric fields.
Substituting (21.2-7) into (21.2-1), we obtain

Pri(t) = Pai(0) + Re{ Pyi(w) exp(jwt) } + Re{ Pyi,(2w) exp(j2wt)}, (21.2-8)

where

Pyi(0) = d [2E%(0) + |E(w) ] (21.2-9a)
Py (w) = 4d B(0)E(w) (21.2-9b)
Par(2w) = d E*(w), (21.2-9¢c)

so that the polarization density contains components aatigellar frequencies @,
and2w.

If the optical field is substantially smaller in magnitudanhthe electric field, i.e.,
|E(w)|]?> < |E(0)|? the second-harmonic polarization compon&yt,(2w) may be
neglected in comparison with the componeRts,(0) and Pyy,(w). This is equivalent
to the linearization ofPy, as a function o€, i.e., approximating it by a straight line
with a slope equal to the derivative&t= F(0), as illustrated in Fig. 21.2-5.

PnL

PNLO)

Figure 21.2-5 Linearization of the second-order nonlinear relatiyg, = 2d&? in the presence
of a strong electric field(0) and a weak optical field (w).

Equation (21.2-9b) provides a linear relation betwé&gp(w) and E(w), which we
write in the form Py, (w) = e,AxE(w), whereAy = (4d/e,) E(0) represents an
increase in the susceptibility proportional to the eledigld £(0). The corresponding
incremental change of the refractive index is obtained Iffgidintiating the relation
n? = 1+ y, to obtain2n An = Ay, from which

2d

neé,

An =

E(0). (21.2-10)

The medium is then effectively linear with a refractive irde+ An that is linearly
controlled by the electric field(0).

The nonlinear nature of the medium creates a coupling bettrez electric field
E(0) and the optical fieldZ(w), causing one to control the other, so that the nonlinear
medium exhibits the linear electro-optic effect (Pockéfisa) discussed in Chapter 20.
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This effect is characterized by the relatidm = —1n?t£(0), wherer is the Pock-
els coefficient. Comparing this formula with (21. 2210) wanclude that the Pockels
coefficiente is related to the second-order nonlinear coefficieby

4

e nt

TR —

(21.2-11)

Although this expression reveals the common underlyingjlonf the Pockels effect
and the medium nonlinearity, it is not consistent with expentally observed values
of r andd. This is because we have made the implicit assumption tleatnigadium
is nondispersive (i.e., that its response is insensitiieeiguency). This assumption is
clearly not satisfied when one of the components of the fiedd tise optical frequency
w and the other is a steady field with zero frequency. The roflisplersion is discussed
in Sec. 21.7.

C. Three-Wave Mixing

We now consider the case of a fiefdt) comprising two harmonic components at
optical frequencies; andws,

E(t) = Re{E(w1) exp(jwit) + E(w2) exp(jwat)}. (21.2-12)

The nonlinear component of the polarizatiBr;, = 2d€? then contains components
at five frequencies, @, 2ws, w1 = w1 + wo, aNdw_ = w; — wy, With amplitudes

Py (0) = d [[E(wn) + |[E(w2)]?] (21.2-13a)
Par(2wi) = d E(w)E(w) (21.2-13b)
Pap(2ws) = d E(ws)E(ws) (21.2-13c)
Pai(wy) = 2d E(w) E(w2) (21.2-13d)
Py (w-) = 2d E(w1)E"(w2). (21.2-13e)

Thus, the second-order nonlinear medium can be used to miwptical waves of
different frequencies and generate (among other thingsydwave at the difference
frequency or at the sum frequency. The former process isafaéiquency downcon-
version whereas the latter is known &gquency up-conversionor sum-frequency
generation An example of frequency up-conversion is provided in Fi§).226: the
light from two lasers with free-space wavelengis = 1.06 um and\,, = 10.6 um
enter a proustite crystal and generate a third wave with wagéh \,3 = 0.96 um

(whered ;! = A+ 2

A w3 =wHwy

( Nd3+:YAG laser ( ’ % I
) 1.06 um 0.96 ym
Proustite cr};stal
(9%
( CO» laser ( ) 2
J 10.6 um

Figure 21.2-6 An example of sum-frequency generation (SFG), also calkeduency up-
conversion, in a nonlinear crystal.
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Although the incident pair of waves at frequencigsandw, produce polarization
densities at frequencies 2y, 2wy, w1 + wy, andw; — wo, all of these waves are not
necessarily generated, since certain additional comdit{phase matching) must be
satisfied, as explained presently.

Frequency and Phase Matching

If waves 1 and 2 are plane waves with wavevectorsand k,, so thatE(w;) =
Aj exp(—jk; -r) andE(wy) = Ag exp(—jks - 1), then in accordance with (21.2-13d),
PNL(LU3) = 2dE(w1)E(w2) = 2dA1A2 exp(—jk3 . I‘), where

w1 t+wy = w3 (212-14)
Frequency-Matching Condition

and
ki + ko = ks. (21.2-15)
Phase-Matching Condition

The medium therefore acts as a light source of frequescy w; +w-, with a complex
amplitude proportional texp(—jks - r), so that it radiates a wave of wavevector
ks = k; + ko, as illustrated in Fig. 21.2-7. Equation (21.2-15) can bgarded
as a condition of phase matching among the wavefronts oftes twaves that is
analogous to the frequency-matching conditigr+ ws = ws. Since the argument of
the complex wavefunction ist — k - r, these two conditions ensure both the temporal
and spatial phase matching of the three waves, which is sage®r their sustained
mutual interaction over extended durations of time andoregydf space.

HH\»/////MHH»M

\\” 4
\ \ / /7& ki k, Figure 21.2-7 The phase-

matching condition.

Three-Wave Mixing Modalities

When two optical waves of angular frequencigsandw- travel through a second-
order nonlinear optical medium they mix and produce a pzddion density with
components at a number of frequencies. We assume that anlgotinponent at the
sum frequencys; = w; +w» satisfies the phase-matching condition. Other frequencies
cannot be sustained by the medium since they are assumed satigfy the phase-
matching condition.

Once wave 3 is generated, it interacts with wave 1 and gereetvave at the
difference frequencys = ws; — w;. Clearly, the phase-matching condition for this
interaction is also satisfied. Waves 3 and 2 similarly comalzind radiate at,. The
three waves therefore undergo mutual coupling in which gaihof waves interacts
and contributes to the third wave. The process is cdlesk-wave mixing

Two-wave mixing is not, in general, possible. Two waves of arbitrary freques
w1 andw, cannot be coupled by the medium without the help of a thirdevdwo-
wave mixing can occur only in the degenerate cases= 2w, in which the second-
harmonic of wave 1 contributes to wave 2; and the subharmaeyiz of wave 2, which
is at the frequency differencg, — w, contributes to wave 1.

Three-wave mixing is known agmrametric interaction process. It takes a variety
of forms, depending on which of the three waves is providedramput, and which
are extracted as outputs, as illustrated in the followirgneples (see Fig. 21.2-8):
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m Optical Frequency Conversion (OFC) Waves 1 and 2 are mixed in armp-
converter, generating a wave at the sum frequengy= w; + w,. This process,
also calledsum-frequency generation(SFG), has already been illustrated in
Fig. 21.2-6. Second-harmonic generation (SHG) is a degémspecial case of
SFG. The opposite processadwnconversionor frequency-difference gener-
ation is realized by an interaction between waves 3 and 1 to generate 2,
at the difference frequeney, = w3 — w;. Up- and down-converters are used to
generate coherent light at wavelengths where no adequseatslare available, and
as optical mixers in optical communication systems.

m Optical Parametric Amplifier (OPA) . Waves 1 and 3 interact so that wave 1
grows, and in the process an auxiliary wave 2 is created. €hieel operates as
a coherent amplifier at frequency and is known as an OPA. Wave 3, called
the pump, provides the required energy, whereas wave 2 is known aglidre
wave. The amplified wave is called teggnal. Clearly, the gain of the amplifier
depends on the power of the pump. OPAs are used for the detedtiveak light
at wavelengths for which sensitive detectors are not availa

m Optical Parametric Oscillator (OPO). With proper feedback, the parametric
amplifier can operate as a parametric oscillator, in whicly anpump wave is
supplied. OPOs are used for the generation of coherent digitmode-locked
pulse trains over a continuous range of frequencies, ysumftequency bands
where there is a paucity of tunable laser sources.

m Spontaneous Parametric Downconversion (SPDCHere, the only input to the
nonlinear crystal is the pump wave 3, and downconversidmgdawer-frequency
waves 2 and 3 is spontaneous. The frequency- and phaseingatdnditions
(21.2-14) and (21.2-15) lead to multiple solutions, eaeimfag a pair of waves
1 and 2 with specific frequencies and directions. The downeded light takes
the form of a cone of multispectral light, as illustrated ig.R21.2-8.

Further details pertaining to these parametric devicepandded in Sec. 21.4.

e B s
Signal wq : — p-converted signa
OFC — | — w3 =w)twy
Pump w) e

— Idler
Signal wy e w2 / Amplified sigilal

e F i .
OPA : @
Pump w3 /
T o w W)
Pump w3 - _— wy
OPO = ] — > >
Mirror - ~ Mirror
SPDC
Pump w3

Figure 21.2-8  Optical parametric devices: optical frequency convel@); optical parametric
amplifier (OPA); optical parametric oscillator (OPO); spormeous parametric down-converter
(SPDC).
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Wave Mixing as a Photon Interaction Process

The three-wave-mixing process can be viewed from a phoptics perspective as
a process of three-photon interaction in which two photdnkewer frequencyw,
andw,, are annihilated, and a photon of higher frequesngys created, as illustrated
in Fig. 21.2-94¢). Alternatively, the annihilation of a photon of high frezpcyws is
accompanied by the creation of two low-frequency photofisegquenciesv; andw,,

as illustrated in Fig. 21.2-8). Sincefw andhk are the energy and momentum of a
photon of frequencyw and wavevectok (see Sec. 12.1), conservation of energy and
momentum, in either case, requires that

hwy + hws = Fws (21.2-16)
hk; + hks = hks, (21.2-17)

whereky, ko, andks are the wavevectors of the three photons. The frequency- and
phase-matching conditions presented in (21.2-14) an@{23) are therefore repro-
duced.

The energy diagram for the three-photon-mixing procesglayed in Fig. 21.2-
9(b) bears some similarity to that for an optically pumped tHee| laser, illustrated
in Fig. 21.2-9¢) (see Sec. 14.2B). There are significant distinctions betvibe two
processes, however:

= One of the three transitions involved in the laser processtisradiative.

m An exchange of energy between the field and medium takes plaite laser
process.

m The energy levels associated with the laser process at&vedfasharp and are
established by the atomic or molecular system, whereasigg levels of the
parametric process are dictated by photon energy and phassing conditions
and are tunable over wide spectral regions.

fiw X .
! 5 1 \ Nonradiative

/M% fiws 3 \N“\W Pum 3‘ transition

N p
,"V\/\/\/‘\/‘r> MV %, hws o | —

‘\\\\' v 3 hw Laser

‘\N\fiuu TSN 1| transition
2

(@) (®) (©)

Figure 21.2-9 Comparison of parametric processes in a second-orderneanlimedium and
laser action. ) Annihilation of two low-frequency photons and creation @mfe high-frequency
photon. The dashed line for the upper level indicates thatuirtual. () Annihilation of one high-
frequency photon and creation of two low-frequency phatdr)sOptically pumped 3-level laser, a
nonparametric process in which the medium participateséngy transfer.

The process of wave mixing involves an energy exchange arttengnhteracting
waves. Clearly, energy must be conserved, as is assurecedyetjuency-matching
condition,w; + ws = ws. Photon numbers must also be conserved, consistent with the
photon interaction. Consider the photon-splitting pregepresented in Fig. 21.2#)(

If Agy, A¢ps, andAgs are the net changes in the photon fluxes (photons per second)
in the course of the interaction (the flux of photons leavirigus the flux of photons
entering) at frequencies;, w», andws, thenA¢; = A¢s = —Ags, so that for each

of thews photons lost, one each of the andw, photons is gained.

If the three waves travel in the same direction, thdirection for example, then
by taking a cylinder of unit area and incremental length — 0 as the interaction
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volume, we conclude that the photon flux densitigs ¢, ¢3 (photons/s-rf) of the
three waves must satisfy

don _ dge __dos

=2 (21.2-18)

Photon-Number Conservation

Since the wave intensities (Wfnare I, = fw,¢1, Iy = hwage, andlz = hwsgs,
(21.2-18) gives

d (i) _4d (2) __d <§> (21.2-19)
dz \w dz \ws dz \ws Manley—Rowe Relation

Equation (21.2-19) is known as the Manley—Rowe relationds$ derived in the con-

text of wave interactions in nonlinear electronic systefiitee Manley—Rowe relation
can be derived using wave optics, without invoking the cphcd the photon (see
Exercise 21.4-2).

D. Phase Matching and Tuning Curves

Phase Matching in Collinear Three-Wave Mixing

If the mixed three waves are collinear, i.e., they travelhia same direction, and if
the medium is nondispersive, then the phase-matching tondR1.2-15) yields the
scalar equatiomw; /¢, + nws/c, = nws/c,, Which is automatically satisfied if the
frequency matching conditian, + wy = w3 is met. However, since all materials are in
reality dispersive, the three waves actually travel aedéht velocities corresponding
to different refractive indexes,;, no, andng, and the frequency- and phase-matching
conditions are independent:

w1 +wo = ws, wini + wang = wsns, (212-20)
Matching Conditions

and must be simultaneously satisfied. Since this is usuatlpossible, birefringence,
which is present in anisotropic media, is often used to coregie dispersion.

For an anisotropic medium, the three refractive indexes.,, andns are generally
dependent on the polarization of the waves and their doestielative to the principal
axes (see Sec. 6.3C). This offers other degrees of freedmatisfy the matching
conditions. Precise control of the refractive indexes atttiree frequencies is often
achieved by appropriate selection of polarization, og&ah of the crystal, and in some
cases by control of the temperature.

In practice, the medium is often a uniaxial crystal chandmeel by its optic axis and
frequency-dependent ordinary and extraordinary refradgtidexes:,(w) andn.(w).
Each of the three waves can be ordinary (0) or extraordingnaifd the process is
labeled accordingly. For example, the label e-0-0 ind#tat waves 1, 2, and 3 are
e, 0, and o waves, respectively. For an o wame;) = n,(w); for an e waven(w) =
n(0,w) depends on the anglebetween the direction of the wave and the optic axis of
the crystal, in accordance with the relation

1 70 sin®f
=5y 22 (21.2-21)

n2(0,w)  ni(w)  ni(w)’
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which is represented graphically by an ellipse [see (6.8&l Fig. 6.3-7]. If the
polarizations of the signal and idler waves are the sameyéve mixing is said to be
Type |; if they are orthogonal, it is said to Begpe Il .

EXAMPLE 21.2-1. Collinear Type-l Second-Harmonic Generation (SHG). For SHG,
waves 1 and 2 have the same frequengy £ w, = w) andws; = 2w. For Type-I mixing, waves

1 and 2 have identical polarization so that = n,. Therefore, from (21.2-20), the phase-matching
condition isn; = ny, i.e., the fundamental wave has the same refractive indéseasecond-harmonic
wave. Because of dispersion, this condition cannot usbellsatisfied unless the polarization of these
two waves is different. For a uniaxial crystal, the processither 0-o0-e or e-e-0. In either case, the
direction at which the wave enters the crystal is adjustesigh a way that; = n, i.e., such that
birefringence compensates exactly for dispersion.

g
3=
o
o

axis

(@) (b) ()

Figure 21.2-10 Phase matching in e-e-o SHG) (Matching the index of the e wave at with
that of the o wave &w. (b) Index surfaces ab (solid curves) an@w (dashed curves) for a uniaxial
crystal. ¢) The wave is chosen to travel at an ang@leith respect to the crystal optic axis, such that
the extraordinary refractive index. (6, w) of thew wave equals the ordinary refractive index2w)
of the 2w wave.

For an e-e-o process such as that illustrated in Fig. 21, BagGundamental wave is extraordinary
and the second-harmonic wave is ordinaty,= n(f,w) andns = n,(2w), so that the matching
condition is:n(f,w) = n,(2w). This is achieved by selecting an anglér which

n(0,w) = n,(2w), (21.2-22)
SHG Type-l e-e-0

wheren(0,w) is given by (21.2-21). This is illustrated graphically igFR1.2-10, which displays
the ordinary and extraordinary refractive indexes (a eianhd an ellipse) ab (solid curves) and at
2w (dashed curves). The angle at which phase matching is edtisfthat at which the circle &t
intersects the ellipse at.

As an example, for KDP at a fundamental wavelength694 nm,n, (w) = 1.506,n.(w) = 1.466;
and at\/2 = 347 nm, n,(2w) = 1.534,n.(2w) = 1.490. In this case, (21.2-22) and (21.2-21) gives
0 = 52°. This is called the cut angle of the crystal. Similar equaimay be written for SHG in the
0-0-e configuration. In this case, for KDP at a fundamentaledength\ = 1.06 um, 6 = 41°.

EXAMPLE 21.2-2. Collinear Optical Parametric Oscillator (OPO). The oscillation fre-
guencies of an OPO are determined from the frequency an@ phakching conditions. For a Type-I
0-0-e mixing configuration,

witwr = w3, wine(wr) + wane(w2) = wan(0, ws). (21.2-23)
OPO Type-l 0-0-e
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For Type-II e-0-e mixing,

w1 twy =ws,  win(f,w1) + waney(ws) = wsn(f,ws). (21.2-24)
OPO Type-ll e-0-e

1.6 T 1.6

L4k E L4+ .
g Signal (0) g Idler (o)
~ 1.2+ =12k i
£ =
&0 on
5 5
S0t ] S0} _
z z
=z =

0.8 Idler (0) 1 Zost . 4

Signal (e)
0.6 ! 0.6 1 1
22 225 23 20 30 40 50
Crystal cut angle 6 (deg) Crystal cut angle 6 (deg)

(@) (b)

Figure 21.2-11 Tuning curves for a collinear OPO using a BBO crystal and af@82pump,
which is readily obtained from a frequency doubled Nd:YA&dag) Type |, and §) Type II.

The functionsn,(w) andn.(w) are determined from the Sellmeier equation (5.5-28), aed th
extraordinary index:(6,w) is determined as a function of the anglébetween the optic axis of
the crystal and the direction of the waves by use of (21.2-Rd) a given pump frequenays, the
solutions of (21.2-23) and (21.2-24); andw,, are often plotted versus the anglea plot known as
the tuning curve. Examples are illustrated in Fig. 21.2-11.

Phase Matching in Non-Collinear Three-Wave Mixing

In the non-collinear case, the phase-matching condkio# ko = k3 is equivalent to
winil; + wanalis = wsngtliz, Wheredy, is, andas are unit vectors in the directions
of propagation of the waves. The refractive indexgsn,, andns depend on the
directions of the waves relative to the crystal axes, as agethe polarization and fre-
guency. This vector equation is equivalent to two scalaagqgus so that the matching
conditions become

w1 + wo = w3, wingsinf; = wono sin by, winq cos by + wong cos By = wsng,

(21.2-25)

where#; and#, are the angles waves 1 and 2 make with wave 3. The design of a
3-wave mixing device centers about the selection of dioastiand polarizations to
satisfy these equations, as demonstrated by the followdagrses and examples.

|
EXERCISE 21.2-1

Non-Collinear Type-ll Second-Harmonic Generation (SHG). Figure 21.2-12 illustrates
Type-ll 0-e-e non-collinear SHG. An ordinary wave and anraxtdinary wave, both at the
fundamental frequency, create an extraordinary second-harmonic wave at the dresylw. It

is assumed here that the directions of propagation of tleetivaves and the optic axis are coplanar
and the two fundamental waves and the optic axis make afiglés, andd with the direction of the
second-harmonic wave. The refractive indexes that appeheiphase-matching equations (21.2-25)
aren; = ny(w), ng = n(0 + 02,w), andns = n(6,2w), i.e.,

Ne(w)sin by = n(f+ 6, w)sin Oy, no(w) cos b1 +n(0+6,w) cos by = 2n(6,2w). (21.2-26)

SHG Type-Il o-e-e
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For a KDP crystal and a fundamental wave of wavelengtitum (Nd:Yag laser), determine the
crystal orientation and the anglésandé, for efficient second-harmonic generation.

L
¢ 01 2w

w/@o/ optic Af‘_s, Figure 21.2-12 Non-collinear Type Il second-
=770 harmonic generation.
EXAMPLE 21.2-3. Spontaneous Parametric Downconversion (SPDC). In SPDC, a

pump wave of frequency; creates pairs of waves 1 and 2, at frequengieandws, and angle$,
andd,, all satisfying the frequency- and phase-matching comutti(21.2-25). For example, in the
Type-1 0-0-e casen; = n,(w1), na = n,(w2) andns = n(, ws). These relations together with the
Sellmeier equations fon,(w) andn.(w) yield a continuum of solutiongw,, 0;), (w2, 6>) for the
signal and idler waves, as illustrated by the example in ZigR-13.

6

4
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Figure 21.2-13 Tuning curves for non-collinear Type-l 0-0-e spontanecaiametric downcon-
version in a BBO crystal at an angle= 33.53° for a 351.5-nm pump (from an Arion laser). Each
point in the bright area of the middle picture representstbguencyw; and angle); of a possible
down-converted wave, and has a matching point at a complamyeinequencyv, = w3 — w; with
angled,. Frequencies are normalized to the degenerate frequeneyws/2. For example, the two
dots shown represent a pair of down-converted waves atdreies0.9w, and1.1w,. Because of
circular symmetry, each point is actually a ring of pointioéthe same frequency, but each point on
a ring matches only one diametrically opposite point on threesponding ring, as illustrated in the
right graph.

Tolerable Phase Mismatch and Coherence Length

A slight phase mismatchk = k3 —k; —ky # 0 may resultin a significant reduction in
the wave-mixing efficiency. If waves 1 and 2 are plane wavélk wavevectork; and
ko, sothatE(w;) = A; exp(—jk; - r) andE(wy) = Ay exp(—jks - r), then in accor-
dance with (212-13d)?NL(w3) = 2dE(w1)E(w2) = 2dA1A2 eXp[—j(kl-l-kQ)'I‘] =
2dA; Ay exp(jAk - r) exp(—jks - r). By virtue of (21.1-7) this creates a source with
angular frequencys, wavevectoks, and complex amplitud®o? pi,d A1 Az exp(jAk-
r). It can be shown (see Prob. 21.2-6) that the intensity of #@erated wave is
proportional to the squared integral of the source ampditucer the interaction volume
v,

2

I / dA; Ay exp(jAk -1)dr| . (21.2-27)
14
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Because the contributions of different points within theraction volume are added
as phasors, the position-dependent phake r in the phase mismatched case results
in a reduction of the total intensity below the value obtdime the matched case.
Consider the special case of a one-dimensional interagtbmme of width L in the
z direction: I3 \fOL exp(jAk2)dz|> = L*sin¢(Ak L/2w), where Ak is the z
component ofAk and sin¢x) = sin(rz)/(7x). It follows that in the presence of a
wavevector mismatchk, 75 is reduced by the factor sif@\k L /27), which is unity
for Ak = 0 and drops as\k increases, reaching a value @/7)? ~ 0.4 when
|Ak| = w/L, and vanishing whefAk| = 27 /L (see Fig. 21.2-14). For a giveh,
the mismatch\k corresponding to a prescribed efficiency reduction fastamiersely
proportional toL, so that the phase-matching requirement becomes morgesttias
L increases. For a given mismat&, the length

L. =27 /|Ak| (21.2-28)
Coherence Length

is a measure of the maximum length within which the paraméiteraction process
is efficient; L. is often called the wave-mixingoherence length

For example, for a second-harmonic generatidh| = 2(27/),)|n3 — nq|, where
A, Is the free-space wavelength of the fundamental waveranandns are the re-
fractive indexes of the fundamental and the second-hamneaves. In this case,
L. = X\,/2|n3 — nq| is inversely proportional tdns — n,|, which is governed by
the material dispersion. For example, for; — n; |= 1072, L. = 50.

sinc2(AkL/2T)
1

Figure 21.2-14 The factor by which the
efficiency of three-wave mixing is reduced
L as a result of a phase mismat&tkL be-

—4m 2w 0 m Aw AkL tween waves interacting within a distante

The tolerance of the interaction process to the phase misn@n be regarded
as a result of the wavevector uncertaidly: o« 1/L associated with confinement
of the waves within a distancé [see (A.2-6) in Appendix A]. The corresponding
momentum uncertainthp = hAk « 1/L explains the apparent violation of the law
of conservation of momentum in the wave-mixing process.

Phase-Matching Bandwidth

As previously noted, for a finite interaction lengtha phase mismatda\k| < 27 /L
is tolerated. If exact phase matching is achieved at a satrofrmal frequencies of the
mixed waves, then small frequency deviations from thoseesimay be tolerated, as
long as the conditiow, +wy = ws is perfectly satisfied. The spectral bands associated
with such tolerance are established by the conditidh| < 27/ L.

As an example, in SHG we have two waves with frequencies w andws; = 2w.
The mismatchAk is a functionAk(w) of the fundamental frequeney. The device
is designed for exact phase matching at a nominal fundamiatpencywy, i.e.,
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Ak(wo) = 0. The bandwidti\w is then established by the conditighk (wy+Aw)| =
27 /L. If Aw is sufficiently small, we may write\k(wy + Aw) = Ak'Aw, where
AK' = (d/dw)Ak atwy. Therefore Aw = 27 /|AK'| L, from which the spectral width
in Hz is

Av = 1/\Ak’\L. (21.2-29)
Phase-Matching Bandwidth

SinceAk(w) = k3(2w) — 2k (w), the derivativeA k' = dks(2w)/dw —2dk; (w)/dw
= 2[dk3(2w)/d(2w) — dky(w)/dw] = 2[1/v3 — 1/v1], wherev; andws are the group
velocities of waves 1 and 3 at frequenciesind2w, respectively (see Sec. 5.6). The
spectral width is therefore related to the lengtand the group velocity mismatch by

1 —1
Av ==
YTy

L L
U3 U1

Co 1

= = (21.2-30)
2L |[N3 — 1| Phase-Matching Bandwidth

whereN; and N3 are the group indexes of the material at the fundamentalecwhsl-
harmonic frequencies.

It is apparent that second-harmonic generation of a broatiheve, or an ultra-
narrow pulse (see Sec. 23.5), can be accomplished by usenof erystal (at a cost
of lower conversion efficiency), and by the use of an addéiaesign constraint,
group velocity matchingys =~ v; or N3 =~ N;. Phase-matching tolerance in SPDC
is revealed in Fig. 21.2-13 by the thickness of the curves.

E. Quasi-Phase Matching

In the presence of a wavevector mismatkk, points within the interaction volume
radiate with position-dependent phaskk - r, so that the magnitude of the gener-
ated parametric wave is significantly reduced. Since phagehimg can be difficult
to achieve, or can severely constrain the choice of the neati coefficient or the
crystal configuration that maximizes the efficiency of wagewersion, one approach
is to allow a phase mismatch, but to compensate it by usingdiumewith position-
dependent periodic nonlinearity. Such periodicity introels an opposite phase that
brings back the phases of the distributed radiation elesriatd better alignment. The
technique is calleduasi-phase matching (QPM)

If the medium has a position-dependent nonlinear coeffici¢n), then (21.2-27)
becomes

2

I3 /Vd(r)exp(jAk~r)dr . (21.2-31)

If d(r) is a harmonic functiod(r) = d, exp(—jG - r), with G = Ak, then the phase
mismatch is fully eliminated. Accordingly, the phase-nhaig condition (21.2-15) is
replaced with

ki + ko + G = k;. (21.2-32)

In effect, the nonlinear medium serves as a phase gratinigrigitudinal Bragg grat-
ing) with a wavevectoG.
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Itis generally difficult to fabricate a medium with a contously varying harmonic
nonlinear coefficientd(r) = d, exp(—jG - r), but it is possible to fabricate simpler
periodic structures, e.g., media with nonlinear coeffitdesf constant magnitude but
periodically reversed sign. Since any periodic functiom & decomposed into a
superposition of harmonic functions via Fourier serie® ench function can serve
to correct the phase mismatch, with the others playing ne imlthe wave-mixing
process because they introduce greater phase mismatch.

QPM in Collinear Wave Mixing

For collinear waves traveling in thedirection and having a phase mismatkk, the
required phase grating is of the formp(—;Gz), whereG = Ak. Such grating may
be obtained by use of a periodic nonlinear coefficiéft) described by the Fourier
seriesd(z) = > °___ dmexp(—j2mmz/A), whereA is the period andd,, } are the
Fourier coefficients. Any of these components may be usegliase matching. For
example, for thenth harmonicG = m2n /A = Ak, so that

A = m2r/Ak =mLe, (21.2-33)
QPM Condition

i.e., the grating period\ equals an integer multiple of the coherence length=
2m [ Ak.
Equation (21.2-32) together with the frequency matchingdition yield

w1+ we = w3, wing +wang + m2wc/A = wyng. (21.2-34)
QPM Tuning Curves

These equations are used in lieu of (21.2-20) to determiméuthing curves and the
crystal angles in the design of parametric devices. It idevi that QPM offers some
flexibility in the design of desired tuning curves.

QPM in a Medium with Periodically Reversed Nonlinear Coeffic ient

The simplest periodic pattern of the nonlinear coefficigpt) alternates between two
constant valuest-d, and—d,, at distances\ /2, as illustrated in Fig. 21.2-15.

phetatetatytat

| : } L
d B b
9@ 0—| |_| H ﬂ I_I |—| |_| |_| Figure 21.2-15 A nonlinear crystal with pe-
o u |_| u u U u |_| |_ < riodically varying nonlinear coefficienti(z) of

periodA.

The physical mechanism by which the periodic reversal ostha of nonlinearity
serves to compensate the position-dependent phase ofdiaion is illustrated in
Fig. 21.2-16 in then = 1 case; i.e., the grating periddequals the coherence length
L. =2n/Ak.

The improvement of the conversion efficiency afforded by Qiad be determined
guantitatively as follows. In accordance with Fourier settheoryd,,, = (2/mm)d,,
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z=0 z=m/Ak=A/2 z=2m/Ak =A

(a) Phase matched

| WAI{
(b) Phase mismatched (¢) Quasi-phase matched

Figure 21.2-16 Phasors of the waves radiated by incremental elementsfateif positions:

in the nonlinear mediumaj In the phase-matched cas&i = 0) the phasors are all aligned and
maximum conversion efficiency is attainetl) [n the presence of a phase mismatxh, the phasors
are misaligned and the efficiency is significantly reducefli{ the quasi-phase matched case, the
misaligned phasors are periodically reversed by revetsiagign of the nonlinear coefficient &y2
intervals. The conversion efficiency is partially restored

for oddm, and zero, otherwise. If phase matching is accomplishedhéanth har-
monic, i.e.,A = mL,, then the parametric conversion efficiency is proportidoal
d?, = (2/mm)?d2. By contrast, a homogeneous medium with nonlinear coefficie
d,, the same lengtli, but with wavevector mismatc %, has a conversion efficiency
d?siné(AkL/27) = d%sind(L/L.), which falls ag d2/#?)(L./L)*> whenL > L..
SinceL. = A/m, the improvement of conversion efficiency is a factor¢f./A)?,
i.e., is proportional to the square of the number of periodthe periodic structure.
Clearly, the use of a periodic medium can offer a significanpriovement in conversion
efficiency.

The most challenging aspect of quasi-phase matching isattrécition of the pe-
riodic nonlinear structure. A uniform nonlinear crystalyrze altered periodically by
reversing the principal axis direction in alternating lesyehus creating @ coefficient
with alternating sign. This may be accomplished by lithgdpiaally exposing the
crystal to a periodic electric field that reverses the diogcdf the crystal's permanent
electric polarization, a technique callgdling. This approach has been applied to
ferroelectric crystals such as LiTgOKTP, and LINbQ; the latter has spawned a
technology known ageriodically poled lithium niobate (PPLN)]. Semiconductor
crystals such as GaAs also have been used for the same purpose

21.3 THIRD-ORDER NONLINEAR OPTICS

In media possessing centrosymmetry, the second-ordeineantterm is absent since
the polarization must reverse exactly when the electrid feefeversed. The dominant
nonlinearity is then of third order,

Par, = 4y e3 (21.3-1)

(see Fig. 21.3-1) and the material is calle&er medium. Kerr media respond to
optical fields by generating third harmonics and sums arf@éréifices of triplets of
frequencies.
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Figure 21.3-1 Third-order nonlinearity.

EXERCISE 21.3-1

Third-Order Nonlinear Optical Media Exhibit the Electro-O ptic Effect, Kerr A monochro-
matic optical fieldE'(w) is incident on a third-order nonlinear medium in the preseoica steady
electric field £(0). The optical field is much smaller than the electric field, sat{F(w)|? <
|E(0)|?. Use (21.3-1) to show that the componentRyf;, of frequencyw is approximately given
by Pyi(w) = 12x® E?(0)E(w). Show that this component of the polarization is equivatera
refractive-index changén = —1sn®E%(0), where

12 ®3)

5= —
eont

(21.3-2)
The proportionality between the refractive-index change the squared electric field is the Kerr
(quadratic) electro-optic effect described in Sec. 20\Mkeres is the Kerr coefficient.

A. Third-Harmonic Generation (THG) and Optical Kerr Effect

Third-Harmonic Generation (THG)

In accordance with (21.3-1), the response of a third-ordetinear medium to a
monochromatic optical field (t) = Re{ E(w) exp(jwt)} is a nonlinear polarization
Py (t) containing a component at frequeneynd another at frequenéyw,

Pu(w) = 3x¥|E(w) P E(w) (21.3-3a)
Par(3w) = xPE3 (w). (21.3-3b)

The presence of a component of polarization at the frequawndpdicates that third-
harmonic light is generated. However, in most cases theggraamversion efficiency
is low. Indeed, THG is often achieved via second-harmonieegation followed by
sum-frequency generation of the fundamental and secordemac waves.

Optical Kerr Effect

The polarization component at frequenein (21.3-3a) corresponds to an incremental
change of the susceptibilifk y at frequency given by

_ Py (w) _ 9.3 2 _ .3
€AX = Fw) = 3x"[E(Ww)|” = 6x"nl, (21.3-4)

wherel = |E(w)|?/2n is the optical intensity of the initial wave. Sined = 1 + ¥,
we have2nAn = Ay so this is equivalent to an incremental refractive index =
Ax/2n:

An = 31

YOI = n,l, (21.3-5)
€oN
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where

310
np = 2\ ®), (21.3-6)
n=¢co Optical Kerr Coefficient

Thus, the change in the refractive index is proportionaht a@ptical intensity. The
overall refractive index is therefore a linear funcfiari the optical intensity,

n(I) =n+nol. (21.3-7)
Optical Kerr Effect

This effect is known as theptical Kerr effect because of its similarity to the
electro-optic Kerr effect discussed in Sec. 20.1A, for whion is proportional to the
square of the steady electric field. The optical Kerr effeca iself-induced effect in
which the phase velocity of the wave depends on the wave'siotemsity. It is an
example ofhonlinear refraction.

The order of magnitude of the coefficient (in units of cn¥/W) is 10~ to 10~ in
glasses]0~'* to 10~7 in doped glassed) '’ to 10~ in organic materials, anth~'°
to 10~2 in semiconductors. It is sensitive to the operating wavgeigsee Sec. 21.7)
and depends on the polarization.

B. Self-Phase Modulation (SPM), Self-Focusing, and Spatia | Solitons

Self-Phase Modulation (SPM)

As a result of the optical Kerr effect, an optical wave travglin a third-order nonlinear
medium undergoeself-phase modulation(SPM). The phase shift incurred by an
optical beam of poweP and cross-sectional areég traveling a distancd. in the
medium, isp = —n(I)k,L = 2mn(I)L/\, = —27(n + noP /A)L/),, so that it is
altered by

L
Ay 2mng )\OAP, (21.3-8)
which is proportional to the optical power. Self-phase modulation is useful in appli-
cations in which light controls light.

To maximize the effectl. should be large an8l small. These requirements are well
served by the use of optical waveguides. The optical powerhith Ay = —7 is
achieved i, = A\,A/2Ln,y. A doped-glass fiber of length = 1 m, cross-sectional
areaA = 1072 mn?, andn, = 10~!° cm?/W, operating af\, = 1 um, for example,
switches the phase by a factor»ofat an optical poweP.,, = 0.5 W. Materials with
larger values of; can be used in centimeter-long channel waveguides to achiev
phase shift ofr at powers of a few mW.

Phase modulation may be converted into intensity moduiaiy employing one
of the schemes used in conjunction with electro-optic maidus (see Sec. 20.1B):
(1) using an interferometer (Mach—Zehnder, for exampl®);using the difference
between the modulated phases of the two polarization coergertbirefringence) as
a wave retarder placed between crossed polarizers; or {3y as integrated-optic
directional coupler (Sec. 8.5B). The result is an all-ggtimodulator in which a weak
optical beam may be controlled by an intense optical beatrogtical switches are
discussed in Sec. 23.3C.

T Equation (21.3-7) is also written in the alternative fori]) = n+n2|E|? /2, wherens, differs from (21.3-
6) by the factom,.
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Self-Focusing

Another interesting effect associated with self-phaseutaibn isself-focusing If an
intense optical beam is transmitted through a thin sheatiffmear material exhibiting
the optical Kerr effect, as illustrated in Fig. 21.3-2, te&active-index change mimics
the intensity pattern in the transverse plane. If the beagrithdighest intensity at the
center, for example, the maximum change of the refractidens also at the center.
The sheet then acts as a graded-index medium that impatis teave a nonuniform
phase shift, thereby causing wavefront curvature. Undéaiceconditions the medium
can act as a lens with a power-dependent focal length, asrshofeixercise 21.3-2.
Kerr-lens focusing is useful for laser mode locking, asaised in Sec. 15.4D.

: S DR

) Figure 21.3-2 A third-order nonlinear
Nonlinear medium acts as a lens whose focusing power
medium depends on the intensity of the incident beam.

EXERCISE 21.3-2

Optical Kerr Lens. An optical beam traveling in the direction is transmitted through a thin
sheet of nonlinear optical material exhibiting the optikalr effect,n(I) = n + noI. The sheet
lies in thez—y plane and has a small thicknedsso that its complex amplitude transmittance is
exp(—jnk,d). The beam has an approximately planar wavefront and ansiityedistribution/ ~
Io[1 — (2* + y?)/W?] at points near the beam axis, y < W), wherel,, is the peak intensity and
W is the beam width. Show that the medium acts as a thin lensaniitical length that is inversely
proportional tal,. Hint: A lens of focal lengthf has a complex amplitude transmittance proportional
to exp[jk.(z% + y?)/2f], as shown in (2.4-9); see also Exercise 2.4-6.

Spatial Solitons

When an intense optical beam travels through a substahi@{ntess of nonlinear
homogeneous medium, instead of a thin sheet, the refraotivx is altered nonuni-
formly so that the medium can act as a graded-index wavegtiues, the beam can
create its own waveguide. If the intensity of the beam has#imee spatial distribution
in the transverse plane as one of the modes of the waveguadeahth beam itself
creates, the beam propagates self-consistently with@ungihg its spatial distribution.
Under these conditionsljffractionis compensated bself-phase modulatigrand the
beam is confined to its self-created waveguide. Such sdliegubeams are called
spatial solitons Analogous behavior occurs in the time domain when groupeity
dispersion is compensated by self-phase modulation. Asisied in Sec. 22.5B, this
leads to the formation of temporal solitons, which traveheut changing shape.

The self-guiding of light in an optical Kerr medium is deseil mathematically by
the Helmholtz equatiory?E + n?(I)k2E = 0, wheren(I) = n + nal, ko = w/co,
andl = |E|?/2n. This is a nonlinear differential equation i, which is simplified
by writing E = A exp(—jkz), wherek = nk,, and assuming that the envelope
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A = A(z,z) varies slowly in thez direction (in comparison with the wavelength
A = 27/k) and does not vary in thg direction (see Sec. 2.2C). Using the approxi-

mation(9?/02%)[A exp(—jkz)] ~ (—2jk0A/0z — k*>A) exp(—jkz), the Helmholtz
equation becomes

0*A L O0A 5, 24
) —2]k5+ko[n (I) —n“]A=0. (21.3-9)

Since the nonlinear effect is sméi, I < n), we write

_ 2npn|A[? nPny

[n*(I) — n?] = [n(I) — n][n(I) + n] ~ [no1)[2n] TR A%,
’ (21.3-10)
so that (21.3-9) becomes
2
A M2 a2 g =924 (21.3-11)
ox?  n, 0z

Equation (21.3-11) is the nonlinear Schrddinger equatiore of its solutions is

Az, 2) = A sech(i> exp (—ji> . (21.3-12)
Wo 420 Spatial Soliton

wherelV, is a constant, se¢h is the hyperbolic-secant functioA,, satisfies
na(A3/2n,) = 1/K*W¢ andzy = $kW3 = nW¢ /A is the Rayleigh range [see (3.1-
22)]. The intensity distribution

_ A, 2)]P  Af z
I(x,2) = 5 = 3 sech Wo (21.3-13)

is independent of and has a widtiV, as illustrated in Fig. 21.3-3. The distribution
in (21.3-12) is the mode of a graded-index waveguide withfeactéve indexn +

nol = n[l + (1/k*/W2)sech(x/Wy)], so that self-consistency is assured. Since
E = Aexp(—jkz), the wave travels with a propagation constant 1/4zy = k(1 +

A2 /872W¢) and phase velocity/ (1 + \?/872W§). The velocity is smaller thaafor
localized beams (small’y) but approachesfor large .

Raman Gain

The nonlinear coefficient® is in general complex-valueg®) = X§:§’> + jxg?’). The
self-phase modulation in (21.3-8),

L p_ 671N, X(?’) L
A e nZ2 NA

Ap = 2mng (21.3-14)

is therefore also complex. Thus, the propagation phaserfagh(—j¢) is a combina-
tion of phase shiftAy = (677,/e,)(x\ /n2)(L/A,A)P, and gairexp(34= L), with
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W(z) Wo

.
i

(a) (b)

Figure 21.3-3 Comparison betweemn) a Gaussian beam traveling in a linear medium, dja (
spatial soliton (self-guided optical beam) traveling incalinear medium.

ry

a gain coefficient given by

_12mp )i 1P
e n2 AA

(21.3-15)
Raman Gain Coefficient

TR

which is proportional to the optical power. This effect, calledRaman gain, has its
origin in the coupling of light to the vibrational modes of &dium, which can act as
an energy source. When this gain exceeds the loss, the mediubehave as an optical
amplifier (see Sec. 14.3D). With proper feedback, the Ranmaplifier becomes a
Raman laser (see Sec. 15.3A). The phenomenological cahstraicomplex nonlinear
coefficienty® is not unlike the complex susceptibility constructed tovide loss and
gain in linear media (Sec. 5.5).

C. Cross-Phase Modulation (XPM)

We now consider the response of a third-order nonlinear umedo an optical field
comprising two monochromatic waves of angular frequenciegind wy, E(t) =
Re{E(wy) exp(juwnrt)} + Re{ E(w2) exp(jwot)}. On substitution in (21.3-1), the com-
ponentPyr,(w;) of the polarization density at frequeney turns out to be

Pui(wr) = x® [3|E(w1)]? + 6| B(ws)[*] E(wr). (21.3-16)

Assuming that the two waves have the same refractive imgekis relation may be
cast in the formPyy, (w1) = 2¢,nAnE(w;), where

An = 7’L2(Il -+ 2[2), (213-17)
XPM

with ny = 31,x® /e,n%. The quantitied; = |E(w;)[?/2n and I, = |E(wq)[?/2n
are the intensities of waves 1 and 2, respectively. Thezefoave 1 travels with an
effective refractive index. + An controlled by its own intensity as well as that of
wave 2. Wave 2 encounters a similar effect, so that the waeescaipled.

Since the phase shift encountered by wave 1 is modulatedebintibnsity of wave
2, this phenomenon is known asss-phase modulationXPM). It can result in the
contamination of information between optical communimathannels at neighboring
frequencies, as in wavelength division multiplexing syst€WDM) (see Sec. 24.3C).
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As we have seen in Sec. 21.2C, two-wave mixing is not possibke second-
order nonlinear medium (exceptin the degenerate cased, Nowever, that two-wave
mixing can occur in photorefractive media, as illustrateéig. 20.4-3.

|
EXERCISE 21.3-3

Optical Kerr Effect in the Presence of Three Waves. Three monochromatic waves with
frequenciesv;, ws, andws travel in a third-order nonlinear medium. Determine the ptax am-
plitude of the component dPyy,(¢) in (21.3-1) at frequency;. Show that this wave travels with a
velocity ¢, /(n + An), where

An = ’I'Lg(]l + 2]2 + 2]3), (213'18)

andny = 3n,x® /e,n?, with I, = |E(w,)|?/2n, ¢ = 1,2, 3.
. ____________________________________________________________________________________________|

D. Four-Wave Mixing (FWM)

We now examine the case @@ur-wave mixing (FWM) in a third-order nonlinear
medium. We begin by determining the response of the mediuansigperposition of
three waves of angular frequencies w-, andws, with field

E(t) = Re{E(w1) exp(jwit)} + Re{E(wq) exp(jwat)} + Re{ E(ws3) exp(éaj;_%)i.g)
It is convenient to writé€ (¢) as a sum of six terms .

Et)= > 3E(w,) exp(jwgt), (21.3-20)
q==%1,£2,43

wherew_, = —w, andE(—w,) = E*(w,). Substituting (21.3-20) into (21.3-1), we
write Pnr, as a sum 06> = 216 terms,

Pre(t) = 5x© Y0 B(wo)Blw)Ew) expli(wy +wr +w)t].  (21.3-21)
q,rl==21,£2,43

Thus, Py, is the sum of harmonic components of frequencigs . ., 3wy, .. ., 2w
+ wo, ..., tw £ we + ws. The amplitudePyy,(w, + w, + w;) of the component of
frequencyw, + w, +w; can be determined by adding appropriate permutationsiof
andl in (21.3-21). For exampl&ny, (w1 + w2 — ws) involves six permutations,

Prp(wy +wo —ws) = 6X(3)E(w1)E(wg)E*(w3), (21.3-22)

Equation (21.3-22) indicates that four waves of frequeswig w», ws, andw, are
mixed by the medium ifoy = wy + wy — w3, OF

W1 + wo = w3 + wy. (213-23)
Frequency-Matching Condition

This equation constitutes the frequency-matching coofior FWM.
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Assuming that waves 1, 2, and 3 are plane waves of wavevdctoks, andks, so
that E'(w,) o exp(—jk, - r),q = 1,2,3, then (21.3-22) gives

Pyp(wg) o exp(—jki - 1) exp(—jks - r) exp(jks - r) = exp[—j(k; + ko — k3) - 1],
(21.3-24)
so that wave 4 is also a plane wave with wavevekioe k; + ko — k3, from which

ki + ko = ks + ky. (213-25)
Phase-Matching Condition

Equation (21.3-25) is the phase-matching condition for FWM

Several FWM processes occur simultaneously, all satigfyire frequency and
phase matching conditions. As shown before, waves 1, 2, anig&ct and generate
wave 4, in accordance with (21.3-22). Similarly, waves & 1 interact and generate
wave 2, in accordance with

Pri(w2) = 6xP E(ws) E(ws) E*(w1), (21.3-26)

and so on.

The FWM process may also be interpreted as an interactiovelestfour photons.
A photon of frequencys; and another of of frequenay, are annihilated to create
a photon of frequency; and another of frequenay,, as illustrated in Fig. 21.3-4.
Equations (21.3-23) and (21.3-25) represent conservafi@mergy and momentum,
respectively.

21y, Y e
“ N
(/ ‘\N
SN
hw | A\ ﬁ/.d3

(@) (b)

Figure 21.3-4 Four-wave mixing (FWM): ¢) phase-matching condition)(interaction of four
photons.

Three-Wave Mixing

In the partially degenerate case for which two of the four @gakiave the same fre-
guencyws = wy = wy, We have three waves with frequencies related by

w1 + wy = 2wy, (21.3-27)

so that the frequencies, andw, are symmetrically located with respect to the cen-
tral frequencywy, much like the sidebands of an amplitude modulated sine wave
the Stokes and anti-Stokes frequencies in Raman scattdiiregcomponents of the
nonlinear polarization density at, wo, andws include terms of the form

Pav(wi) = 3 E? (ws) B (w2), (21.3-28a)
Pri(w2) = 3 E? (w3) B (w1), (21.3-28b)
Pri(ws) = 6xP E(wi) E(ws) E* (w3). (21.3-28c)

)
)
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These terms are responsible for three-wave mixing, i.diatian at the frequency of
each wave generated by mixing of the other waves. These gpdocesses may be
used for optical frequency conversion (OFC), optical patim amplification (OPA)
and oscillation (OPO), and spontaneous parametric dowmesion (SPDC), much
like three-wave mixing in second-order nonlinear medi& Waves atv,, w,, and
w3 may be regarded as the signal, idler, and pump of the parianpetcess. Note,
however, that thishree-wave mixingrocess involvefour photons. For example, the
annihilation of two photons at, and the creation of two photons @t andws. An
example of OPA in a(® medium, such as a silica-glass optical fiber, is illustrated
Fig. 21.3-5.

Pump Pump
. Signal
. Signal w
Signal ¢ — A Idler
E_ﬂ — A
Wi wy

Pump wy Silica glass fiber wio W W

Figure 21.3-5 Three-wave, four-photon optical fiber parametric amplif@PA).

E. Optical Phase Conjugation (OPC)

The frequency-matching condition (21.3-23) is satisfie@mall four waves are of the
same frequency:

W] = Ws = W3 = Wy = W. (21.3-29)
The process is then calle@generate four-wave mixing

Assuming further that two of the waves (waves 3 and 4) areoumifplane waves
traveling in opposite directions,

Eg(r) = Ag exp(—jk3 . I'), E4(I‘) = A4 exp(—jk4 . I‘), (213-30)
with
ky, = —ks, (21.3-31)

and substituting (21.3-30) and (21.3-31) into (21.3-269, see that the polarization

density of wave 2 i$x®) A3 A, E;(r). This term corresponds to a source emitting an
optical wave (wave 2) of complex amplitude

EQ(I‘) 0.8 A3A4ET(I‘) (213-32)
Phase Conjugation

Since A3 and A, are constants, wave 2 is proportional to a conjugated versio
wave 1. The device serves aplaase conjugator Waves 3 and 4 are called themp
waves and waves 1 and 2 are called phebe andconjugate waves, respectively. As
will be demonstrated shortly, the conjugate wave is identiz the probe wave except
that it travels in the opposite direction. The phase cortjuga a special mirror that
reflects the wave back onto itself without altering its wawefs.

To understand the phase conjugation process consider tadesexamples:
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EXAMPLE 21.3-1. Conjugate of a Plane Wave. If wave 1 is a uniform plane wave,
E\(r) = Ajexp(—jk; - r), traveling in the directiork,, then E5(r) = Ajexp(jk; - r) is a
uniform plane wave traveling in the opposite directikp = —k;, as illustrated in Fig. 21.3-
6(b). Thus, the phase-matching condition (21.3-25) is satisflehe medium acts as a special
“mirror” that reflects the incident plane wave back ontolftsgo matter what the angle of incidence.

1
2
j::>{ Figure 21.3-6  Reflection of a plane wave
from (a¢) an ordinary mirror anddj a phase
(@) (b)

conjugate mirror.

EXAMPLE 21.3-2. Conjugate of a Spherical Wave. If wave 1 is a spherical wave centered
about the originr = 0, E(r) « (1/r)exp(—jkr), then wave 2 has complex amplitudg(r) o
(1/r) exp(+jkr). This is a spherical wave traveling backward and convergiagrd the origin, as
illustrated in Fig. 21.3-%).

_

Figure 21.3-7 Reflection of a spherical
wave from @) an ordinary mirror anddj a
phase conjugate mirror.

Since an arbitrary probe wave may be regarded as a supéspasitplane waves
(see Chapter 4), each of which is reflected onto itself by tdmgugator, the conjugate
wave is identical to the incident wave everywhere, exceptafoeversed direction of
propagation. The conjugate wave retraces the original Wwgywopagating backward,
maintaining the same wavefronts.

Phase conjugation is analogous to time reversal. This mayruerstood by
examining the field of the conjugate wae(r,t) = Re{Es(r)exp(jwt)} o
Re{ £} (r) exp(jwt)}. Since the real part of a complex number equals the real part
of its complex conjugates(r,t) « Re{F;(r)exp(—jwt)}. Comparing this to the
field of the probe wave, (r,t) = Re{E;(r)exp(jwt)}, we readily see that one is
obtained from the other by the transformation~ —t, so that the conjugate wave
appears as a time-reversed version of the probe wave.

The conjugate wave may carry more power than the probe wénie.can be seen
by observing that the intensity of the conjugate wave (wavis proportional to the
product of the intensities of the pump waves 3 and 4 [see {22)B When the powers
of the pump waves are increased so that the conjugate wawe (@)acarries more
power than the probe wave (wave 1), the medium acts as an ifgimglmirror.” An
example of an optical setup for demonstrating phase cotigugia shown in Fig. 21.3-
8.

Degenerate Four-Wave Mixing as a Form of Real-Time Holograp  hy

The degenerate four-wave-mixing process is analogous liane holography (see
Sec. 4.5). Holography is a two-step process in which theference pattern formed by
the superposition of an object wafig and a reference wawu@; is recorded in a photo-
graphic emulsion. Another reference walig is subsequently transmitted through or
reflected from the emulsion, creating the conjugate of theatlwaveE, «x E,E3;EY,

or its replicaFy, «x FE,FE,Ej, depending on the geometry [see Fig 4.5¢)0¢nd
(»)]. The nonlinear medium permits a real-time simultanecei®draphic recording
and reconstruction process. This process occurs in botliKéne medium and the
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I Laser \;L_ ) D

Conjugate
2

Figure 21.3-8  An optical system for degenerate four-wave mixing using @inear crystal. The
pump waves 3 and 4 and the probe wave 1 are obtained from auisisgra beamsplitter and two
mirrors. The conjugate wave 2 is created within the crystal.

photorefractive medium (see Sec. 20.4).

When four waves are mixed in a nonlinear medium, each pairavie® interferes
and creates a grating, from which a third wave is reflectedramyrce the fourth
wave. The roles of reference and object are exchanged arherfgur waves, so that
there are two types of gratings as illustrated in Fig. 21.8@nsider first the process
illustrated in Fig. 21.3-9() [see also Fig. 4.5-10f]. Assume that the two reference
waves (denoted as waves 3 and 4) are counterpropagatirg\péues. The two steps
of holography are:

1. The object wave 1 is added to the reference wave 3 and #wsiky of their sum

is recorded in the medium in the form of a volume grating (bodon).

2. The reconstruction reference wave 4 is Bragg reflected fhe grating to create

the conjugate wave (wave 2).
This grating is called the transmission grating.

Wave 3 Wave 3 Wave 4
(reference) (reference) (reference)
— P S —— -
v T -
xﬂ%:;e& """"" q&‘a“e;@ e
&, A R
S G R
@00\

(@) (b)
Figure 21.3-9  Four-wave mixing in a nonlinear medium. A reference and dbjeave interfere

and create a grating from which the second reference waeerethnd produces a conjugate wave.
There are two possibilities corresponding & fransmission andj reflection gratings.

The second possibility, illustrated in Fig. 21.3Q(s for the reference wave 4 to
interfere with the object wave 1 and create a grating, cadlledeflection grating, from
which the second reference wave 3 is reflected to create thjagate wave 2. These
two gratings can exist together but they usually have difieefficiencies.

In summary, four-wave mixing can provide a means for reaktholography and
phase conjugation, which have a number of applicationsiicalsignal processing.

Use of Phase Conjugators in Wave Restoration

The ability to reflect a wave onto itself so that it retracespath in the opposite
direction suggests a number of useful applications, inoythe removal of wavefront
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aberrations. The idea is based on the principle of recipraltustrated in Fig. 21.3-10.
Rays traveling through a linear optical medium from leftight follow the same path
if they reverse and travel back in the opposite directiore $ame principle applies to
waves.

Figure 21.3-10 Optical reciprocity.

If the wavefront of an optical beam is distorted by an aberganedium, the original
wave can be restored by use of a conjugator that reflects thm loaito itself and
transmits it once more through the same medium, as illestriat Fig. 21.3-11.

One important application is in optical resonators (seep@al0). If the resonator
contains an aberrating medium, replacing one of the mimatls a conjugate mirror
ensures that the distortion is removed in each round triphabthe resonator modes
have undistorted wavefronts transmitted through the argiimirror, as illustrated in
Fig. 21.3-12.

—

o : —

il = -

e - —

e - e

il - et

HHE - -
Distorting Phase conjugate Mirror ~ Distorting Phase conjugate

medium mirror medium mirror

Figure 21.3-11 A phase conjugate mirror Figure 21.3-12 An optical resonator with
reflects a distorted wave onto itself, so that wheran ordinary mirror and a phase conjugate mir-
it retraces its path, the distortion is compensatedror.

*21.4 SECOND-ORDER NONLINEAR OPTICS: COUPLED-WAVE
THEORY

A quantitative analysis of the process of three-wave mixing second-order nonlin-
ear optical medium is provided in this section using a cadylave theory. Unlike
the treatment provided in Sec. 21.2, all three waves aréettean equal footing. To
simplify the analysis, consideration of anisotropic angbérsive effects is deferred to
Secs. 21.6 and 21.6, respectively.

Coupled-Wave Equations

In accordance with (21.1-6) and (21.1-7), wave propagati@second-order nonlin-
ear medium is governed by the basic wave equation

1 9%
2 —
Vi - Son =8, (21.4-1)
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where J
8= —p, 8t§L (21.4-2)
is regarded as a radiation source, and
Pni, = 2déE? (21.4-3)

is the nonlinear component of the polarization density.
The field€(t) is a superposition of three waves of angular frequencies., and
w3, with complex amplitude#,, Es, andEs3, respectively:

E(t) = Z Re{E, exp(jw,t)} = Z % [Ey exp(jwyt) + E; exp(—juw,t)] -

q=1,23 q=1,2,3
(21.4-4)
It is convenient to rewrite (21.4-4) in the compact form
Et)= Y LE;exp(juwgt), (21.4-5)
q==41,£2,+3
wherew_, = —w, andE_, = E;. The corresponding polarization density obtained
by substituting into (21.4-3) is a sum 6fx 6 = 36 terms,
Pan(t)=2d-%1 > EgE.explj(wg+w)t]. (21.4-6)
q,r==+1,£2,+3
Thus, the corresponding radiation source is
S=13pd > (wgtw)EyE,exp[j(wg +we)t], (21.4-7)

q,r==+1,+2,43

which generates a sum of harmonic components whose fregseare sums and
differences of the original frequencies, wy, andws.

Substituting (21.4-5) and (21.4-7) into the wave equatiih4-1) leads to a single
differential equation with many terms, each of which is anframnic function of some
frequency. If the frequencies, w,, andws are distinct, we can separate this equation
into three time-independent differential equations byagimg terms on both sides of
(21.4-1) at each of the frequencies, w,, andws, separately. The result is cast in the
form of three Helmholtz equations with associated sources,

(VP +E)E = -5 (21.4-8a)
(V2 4+ k3)Ey = — S, (21.4-8b)
(V2 4+ k2)E3 = — S, (21.4-8c)

wheresS, is the amplitude of the component®#with frequencyw, andk, = nw,/c,,
q = 1,2, 3. Each of the complex amplitudes of the three waves satisfeesleImholtz
equation with a source equal to the componen§ @it its frequency. Under certain
conditions, the source for one wave depends on the electtitsfof the other two
waves, so that the three waves are coupled.

In the absence of nonlinearity,= 0 so that the source terfhvanishes and each of
the three waves satisfies the Helmholtz equation indepéiyderthe other two, as is
expected in linear optics.
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If the frequenciesy, we, andws are not commensurate (one frequency is not the
sum or difference of the other two, and one frequency is nmehanother), then the
source termS does not contain any components of frequencigsws, or ws. The
components, S, andS; then vanish and the three waves do not interact.

For the three waves to be coupled by the medium, their fretjaemust be com-
mensurate. Assume, for example, that one frequency is theo§the other two,

w1 + wy = ws. (21.4-9)

The sources then contains components at the frequengigsvs, andws. Examining
the 36 terms of (21.4-7) yields

S = 2uwid B3} (21.4-10)
Sy = 2powsd E3F} (21.4-11)
S3 = 2p,w3d By Ey. (21.4-12)

The source for wave 1 is proportional 3 £ (sincew; = w3 — ws), SO that waves 2
and 3 together contribute to the growth of wave 1. Similatg source for wave 3 is
proportional toF, E, (sincews = wy + ws), SO that waves 1 and 2 combine to amplify
wave 3, and so on. The three waves are thus coupled or “mixettidomedium in a
process described by three coupled differential equatiohs, E», andFs,

(V2 4+ E)E, = —2uwid B3E; (21.4-13a)

(V2 + Ek3)Ey = —2pu,wid B3 E} (21.4-13b)

(V2 + k3)E3 = —2u,wid By Fs. (21.4-13c)
3-Wave-Mixing

Coupled Equations

|
EXERCISE 21.4-1

SHG as Degenerate Three-Wave Mixing.  Equations (21.4-13) are valid only when the fre-
guenciesvy, wy, andws are distinct. Consider now the degenerate case for whick w, = w and
w3 = 2w, so that there are two instead of three waves, with amplititjeand E'3. This corresponds
to second-harmonic generation (SHG). Show that these vwaatedy the Helmholtz equation with
sources
Sy = 2uw?d BsE; (21.4-14)
Ss = powid B\ By, (21.4-15)

so that the coupled wave equations are

(V2 + kDB, = —2p,wid E3E;, (21.4-16a)

(VP + k) Es = —powid By By (21.4-16b)
SHG Coupled Equations

Note that these equations are not obtained from the three-méxing equations (21.4-13) by sub-
stituting £y = FE [the factor of 2 is absent in (21.4-16b)].
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Mixing of Three Collinear Uniform Plane Waves

Assume that the three waves are plane waves traveling indirection with complex
amplitudesE, = A, exp(—jk,z), complex envelopesl,, and wavenumberk, =
wq/c, ¢ = 1,2,3. Itis convenient to normalize the complex envelopes by dgithe
variablesa, = A,/(2nhw,)"/?, wheren = n,/n is the impedance of the medium,

no = (1o/€0)"/? is the impedance of free space, @nd, is the energy of a photon of
angular frequency,. Thus,

E, = \/2nhwya, exp(—jkqz), q=1,2,3, (21.4-17)

and the intensities of the three waves &re= |E,|?/2n = hw,|a,|?. The photon flux
densities (photons/s-4nassociated with these waves are

I
by = =|a \2. (21.4-18)
4 hwq 4

The variablea, therefore represents the complex envelope of wagealed such that
la,|? is the photon flux density. This scaling is convenient sifzegrocess of wave
mixing must be governed by photon-number conservationgsee21.2C).

As a result of the interaction between the three waves, theptex envelopes,
vary with z so thata, = a,(2). If the interaction is weak, the,(z) vary slowly
with z, so that they can be assumed approximately constant witkiistance of a
wavelength. This makes it possible to use the slowly vargimgelope approximation
whereind®a,/dz* is neglected relative tb,da,/dz = (27 /\,)da,/dz and

) . da ]
(V? + k) [ag exp(—jke2)] = —]qud—; exp(—jk,z) (21.4-19)

(see Sec. 2.2C). With this approximation (21.4-13) redoc@pler equations that are
akin to the paraxial Helmholtz equations, in which the mithan phase is considered:

% = —jgazajexp(—jAkz) (21.4-20a)
z
d
% — —jgagalexp(—jAk z) (21.4-20b)
z
995 _ _garasexp(jakz) (21.4-20c)
dz 3-Wave-Mixing
Coupled Equations
where
92 = 2ﬁw1w2w3n3d2 (214-21)
and
Ak = ks — ko — ky (21.4-22)

represents the error in the phase-matching condition. @hations ofa;, as, andas

with z are therefore governed by three coupled first-order diffgaeequations (21.4-
20), which we proceed to solve under the different boundangitions corresponding
to various applications. It is useful, however, first to dersome invariants of the
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wave-mixing process. These are functionsugf as, andas that are independent of
z. Invariants are useful since they can be used to reduce tmbderof independent
variables. Exercises 21.4-3 and 21.4-2 develop invaribased on conservation of
energy and conservation of photons.

|
EXERCISE 21.4-2

Photon-Number Conservation: The Manley—Rowe Relation. Using (21.4-20), show that
d 2 __ d 2 d 2
5l = o lazl® = ——lasf, (21.4-23)

from which the Manley—Rowe relation (21.2-19), which wasidsl using photon-number conser-
vation, follows. Equation (21.4-23) implies that; |? + |as|? and|a,|? + |as|? are also invariants of
the wave-mixing process.

EXERCISE 21.4-3

Energy Conservation.  Show that the sum of the intensitiés = 7iw,|a,|?, ¢ = 1,2, 3, of the
three waves governed by (21.4-20) is invariant tso that

d%(fl + I+ I3) = 0. (21.4-24)

A. Second-Harmonic Generation (SHG)

Second-harmonic generation (SHG) is a degenerate caseaed-wWave mixing in
which

Wl =Wy =w and w3 = 2w. (21.4-25)

Two forms of interaction occur: two photons of frequencgombine to form a photon
of frequency2w (second harmonic), or one photon of frequereysplits into two
photons, each of frequency(degenerate parametric downconversion).

The interaction of the two waves is described by the parakéhinholtz equations
with sources. Conservation of momentum requires that

2k; = k. (21.4-26)

|
EXERCISE 21.4-4

Coupled-Wave Equations for SHG. Apply the slowly varying envelope approximation (21.4-
19) to the Helmholtz equations (21.4-16), which describe ¢allinear waves in the degenerate case,
to show that

d(ll

o= —jgasaj exp(—jAkz) (21.4-27a)
d
% - —jgalal exp(jAkz), (21.4-27b)
whereAk = ks — 2k; and
g% = dhwin3a2. (21.4-28)
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Assuming two collinear waves with perfect phase matckikg = 0), equations (21.4-
27) reduce to

d

% = —jgasal (21.4-29a)
z

d

4 _ 9%, (21.4-29b)

dz 2 SHG Coupled Equations

At the input to the devic€z = 0) the amplitude of the second-harmonic wave is
assumed to be zeraz (0) = 0, and that of the fundamental wawe,(0), is assumed to
be real. We seek a solution for which(z) is real everywhere. Using the energy con-
servation relatiom?(z) + 2|as(2)|? = a?(0), (21.4-29b) gives a differential equation
in (13(2),

das/dz = —j(g/2)[a3(0) — 2[as(2)[], (21.4-30)

whose solution may be substituted in (21.4-29a) to obtadrotrerall solution:

a1(2) = a1 (0) sectﬁ%gal(mz) (21.4-31a)
as(2) = —% a1 (0) tanh(%gal(())z) . (21.4-31b)

Consequently, the photon flux densitigsz) = |a;(z)|? and¢s(z) = |as(z)|* evolve
in accordance with

$1(2) = ¢1(0) secﬁ% (21.4-32a)

3(2) = 161(0) tanh? % (21.4-32b)

wherey/2 = ga,(0)/v/2, i.e.,
72 = 292a2(0) = 2¢%1(0) = 8% w61 (0) = 8d%*w?[,(0).  (21.4-33)
Since sech(-) + tanh?(-) = 1, ¢1(2) + 2¢3(2) = ¢1(0) is constant, indicating that

at each position, photons of wave 1 are converted to half as many photons of &av
The fall of ¢, (z) and the rise of;(z) with z are shown in Fig. 21.4-1).

Efficiency of SHG
The efficiency of second-harmonic generation for an intevacegion of lengthl is

_ I3(L)  Twsgs(L)  2¢3(L) o2 L i
NsHG = 0(0) ~ o) — 61(0) = tanh 5 (21.4-34)

For largevL (long cell, large input intensity, or large nonlinear paeden), the ef-
ficiency approaches one. This signifies that all the inputgyoat frequencw) has
been transformed into power at frequeriy; all input photons of frequency are
converted into half as many photons of frequegy
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Figure 21.4-1 Second-harmonic generatiomn) (A wave of frequencyw incident on a nonlinear
crystal generates a wave of frequeriy. (b) As the photon flux density, () of the fundamental
wave decreases, the photon flux densityz) of the second-harmonic wave increases. Since photon
numbers are conserved, the suntz) +2¢5(z) = ¢1(0) is a constant.«) Two photons of frequency

w combine to make one photon of frequericy.

For small~y L [small device length., small nonlinear parametel, or small input
photon flux density; (0)], the argument of the tanh function is small and therefore the
approximatiorntanh z =~ x may be used. The efficiency of second-harmonic generation
is then

I3(L
s = o) % 4977 = 467 L761(0) = 200 L 0) = 20 LT 0),
- (21.4-35)
SO thal
L? a2
nsug = C*—P, C? =20l — (21.4-36)
A n SHG Efficiency

whereP = I;(0)A is the incident optical power at the fundamental frequenay/A
is the cross-sectional area. This reproduces (21.2-6) laoissthat the constardt?
is proportional to the material paramet#t/n3, which is a figure of merit used for
comparing different nonlinear materials.

EXAMPLE 21.4-1. Efficiency of SHG.  For a material withd>/n3 = 1076 C/V? (see Ta-
ble 21.6-3 for typical values af) and a fundamental wave of wavelengtiuh, C? = 38 x 10~
W-1 = 0.038 (MW) 1. In this case, the SHG efficiency is 109Ff.2/A = 2.63 MW. If the aspect
ratio of the interaction volume is 1000, i.€.2/A = 10°, the required power is 2.63 W. This may
be realized usind. = 1 cm andA = 100 um?, corresponding to a power densRy/A = 2.63 x 10°
Wi/cn?. The SHG efficiency may be improved by using higher power itigrisnger interaction
length, or material with greatel® /n® coefficient.

Phase Mismatch in SHG

To study the effect of phase (or momentum) mismatch, thergéeguations (21.4-27)
are used withAk # 0. For simplicity, we limit ourselves to the weak-couplingsea
for whichvL < 1. In this case, the amplitude of the fundamental waye:) varies
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only slightly with z [see Fig. 21.4-X()], and may be assumed approximately constant.
Substitutinga; (z) ~ a;(0) in (21.4-27b), and integrating, we obtain

L
(L) = ~i563(0) [ explj Ak=) dz = — (357 ) @O lexp(GARE) ~ 1]

2 2 Ak
(21.4-37)
from which ¢3(L) = |as(L)|*> = (g/Ak)?¢3(0)sin?(AkL/2), wherea,(0) is as-
sumed to be real. The efficiency of second-harmonic geweratitherefore

Nene = I(L) _ 2¢s(L)
CTL0) T ei(0)

2
= CQ%P siné(AkL/2m), (21.4-38)

where sin€z) = sin(wx) /(7).

The effect of phase mismatch is therefore to reduce the efitgi of second-
harmonic generation by the factor sifakL/2x). This confirms the previous results
displayed in Fig. 21.2-14. For a given mismatfk, the process of SHG is efficient
for lengths smaller than the coherence lenfith= 27 /| Ak|.

B. Optical Frequency Conversion (OFC)

A frequency up-converter (Fig. 21.4-2) converts a waveedfiencyw; into a wave of
higher frequencyw; by use of an auxiliary wave at frequeney, called thepump. A
photonfuw, from the pump is added to a photaw; from thesignalto form a photon
hws of theup-converted signalat an up-converted frequengy = w; + wo.

The conversion process is governed by the three coupledieqsi§21.4-20). For
simplicity, assume that the three waves are phase matehkd=f 0) and that the
pump is sufficiently strong so that its amplitude does nongeaappreciably within
the interaction distance of interest; i.ey(z) ~ ay(0) for all z between 0 and.. The
three equations (21.4-20) then reduce to two,

dag v
5, = g (21.4-39a)
dag v

wherey = 2ga,(0) andas(0) is assumed real. These are simple differential equations
with harmonic solutions

vz

ai(z) = a1(0) cos o (21.4-40a)
as(z) = —ja(0) sin % (21.4-40D)
The corresponding photon flux densities are
¢1(2) = ¢1(0) cos? g (21.4-41a)
¢3(2) = ¢1(0) sin? g (21.4-41b)
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The dependencies of the photon flux densitigsand ¢3 on z are sketched in
Fig. 21.4-2p). Photons are exchanged periodically between the two wdmethe
region betweenr = 0 andz = 7/, the inputw; photons combine with the pump
ws photons and generate the up-convettgghotons. Wave 1 is therefore attenuated,
whereas wave 3 is amplified. In the regior= 7/~ to z = 27/~, thews photons are
more abundant; they disintegrate int9 andws photons, so that wave 3 is attenuated
and wave 1 amplified. The process is repeated periodicatlyeawaves travel through
the medium.

Signal

P _m,:,u\,\fvwmwlmwb signal \ | o fwzm
T, AL G
VTTUUU Y = Uy

(a) ) (©

Figure 21.4-2 The frequency up-convertery) wave mixing; ) evolution of the photon flux
densities of the inputv;-wave and the up-converted;-wave. The pumpw,-wave is assumed
constant; ¢) photon interactions.

The efficiency of up-conversion for a device of lendtlis

nore = 2 _ 5 g 7L
1,(0)

(21.4-42)
w1 2

ForyL < 1, and using (21.4-21), this is approximated BYL)/I,(0) ~ (ws3/w1)
(vL/2)? = (w3 /w1)g*L2p2(0) = 2w3 L*d?n315(0) from which

2
NOFC = CQKP% C? = 2w} Ugd— (21.4-43)
n OFC Efficiency

whereA is the cross-sectional area afgd = I(0)A is the pump power. This expres-
sion is similar to (21.4-36) for the efficiency of second+hanic generation.

|
EXERCISE 21.4-5

Infrared Up-Conversion.  An up-converter uses a proustite crystal £ 1.5 x 10722 C/V?2,
n = 2.6,d%/n® = 1.3 x 107%° C?/V*). The input wave is obtained from a G@&ser of wavelength
10.6 um, and the pump from a 1-W Nd : YAG laser of wavelength 1.06m focused to a cross-
sectional areda0~2 mn? (see Fig. 21.2-6). Determine the wavelength of the up-avesevave and
the efficiency of up-conversion if the waves are collineat tie interaction length is 1 cm.
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C. Optical Parametric Amplification (OPA) and Oscillation ( OPO)

Optical Parametric Amplifier (OPA)

The OPA uses three-wave mixing in a nonlinear crystal to ipkwoptical gain
[Fig. 21.4-3¢)]. The process is governed by the same three coupled eqadfa.4-
20) with the waves identified as follows. Wave 1 is signal to be amplified; it is
incident on the crystal with a small intensify(0). Wave 3, thepump, is an intense
wave that provides power to the amplifier. Wave 2, calleditther, is an auxiliary
wave created by the interaction process.

Signal Wi -
WA Signal, 6,2 o
wy Idl fiw Nud
AAANNS\S \/\/ \ N \U ¢ '\/V\/\Agl\/-)}\?j
Pump w3 910 Idler / 95(2) ﬁ/jQ
/Umwmmmm 0 - - T . ! >~

0 1 2 Nz

Figure 21.4-3 The optical parametric amplifiera) wave mixing; ¢) photon flux densities of the
signal and the idler (the pump photon-flux density is assucoadtant); ¢) photon mixing.

Assuming perfect phase matchingX = 0), and an undepleted pump;(z) ~
as(0), the coupled-wave equations (21.4-20) provide

da .
_dzl = iy (21.4-44a)
dag vy
— = —jzai, (21.4-44b)

wherey = 2gas(0). If ag(0) is real,y is also real, and the differential equations have
the solution

a1(2) = a1(0) cosh 7—22 — jaz(0)sinh g (21.4-453)
as(z) = —jaf(0) sinh g + as(0) cosh g (21.4-45b)

If ax(0) = 0, i.e., the initial idler field is zero, then the corresporgdiphoton flux
densities are

61(2) = ¢1(0) cosh? ? (21.4-46a)

$a(2) = ¢1(0) sinh? % (21.4-46b)
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Both ¢ (z) and¢,(z) grow monotonically withz, as illustrated in Fig. 21.4-8). This
growth saturates when sufficient energy is drawn from thepsarthat the assumption
of an undepleted pump no longer holds.

The overall gain of an amplifier of lengthis G = ¢;(L)/¢1(0) = cosh?(yL/2).
In the limit yL > 1,G = (722 4 e771/2)2 /4 ~ 7 /4, so that the gain increases

exponentially withy L. The gain coefficieny = 2ga3(0) = 2d+/2hwiwawsn? a3 (0),
from which

2
v =20/ I3(0) = 2C\/P3/A, C? = 2w wy ng%, (21.4-47)

OPA Gain Coefficient

whereP3 = I3(0)A is the pump power and is the cross-sectional area, afid is a
parameter similar to that describing SHG and OFC.

The interaction is tantamount to a pump photior splitting into a photoriww, that
amplifies the signal, and a photéw, that creates the idler [Fig. 21.4<3].

EXERCISE 21.4-6

Gain of an OPA.  An OPA amplifies light at 2.5:m by using a 2-cm long KTP crystal pumped
by a Nd:YAG laser of wavelength 1.064n. Determine the wavelength of the idler wave and@he
coefficient in (21.4-47). Determine appropriate laser poswel beam cross-sectional area such that
the total amplifier gain is 3 dB. Assume that= 1.75 andd = 2.3 x 10~2% C/V? for KTP.

Optical Parametric Oscillator (OPO)

A parametric oscillator is constructed by providing feedbat either or both the signal
and the idler frequencies of a parametric amplifier, astiléied in Fig. 21.4-4. In the
former case, the oscillator is callegmgly resonant oscillator(SRO); in the latter, it
is called adoubly resonant oscillator (DRO).

| ‘ Signal w, | ‘ Signal w;
Idler w, Idler w,
(a) SRO (b) DRO

Figure 21.4-4 The parametric oscillator generates light at frequenciegnd w,. A pump of
frequencyws = w; + ws serves as the source of energy) §ingly resonant oscillator (SROM)(
Doubly resonant oscillator (DRO).

The oscillation frequencies; andw, of the parametric oscillator are determined
by the frequency- and phase-matching conditions} wo = w3 andniw; + nows =
ngws, in the collinear case. The solution of these two equaticeklyw; andws,
as described in Sec. 21.2D. In addition, these frequenaiess afso coincide with the
resonance frequencies of the resonator modes, much theasdoreonventional lasers
(see Sec. 15.1B). The system therefore tends to be ovetramresl, particularly in the
DRO case for which both the signal and idler frequencies mistide with resonator
modes.
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Another condition for oscillation is that the gain of the difigr must exceed the
loss introduced by the mirrors for one round trip of propagatvithin the resonator.
By equating the gain and the loss, expressions for the toléstmplifier gain and the
corresponding threshold pump intensity may be determiagsghown below for the
SRO and DRO configurations.

SRO. At the threshold of oscillation, the signal’s amplified anaublly reflected
amplitudea; (L) r? equals the initial amplitude; (0), whereL is the length of the
nonlinear medium and is the magnitude of the amplitude reflectance of a mirror (the
two mirrors are assumed identical and the phase associdtiedwound trip is not
included since it is a multiple ofr). Using (21.4-45a), together with the boundary
conditionay(0) = 0, we obtainr} cosh(yL/2) = 1, from which

R? cosh?(yL/2) = 1. (21.4-48)

Here,R; = 7 is the mirror intensity reflectance at the signal frequeSiyceR; is
typically slightly smaller than unityosh?(vL/2) is slightly greater than unity, i.e.,
vL/2 < 1 and the approximatioeosh?(z) ~ 1 4+ x2 may be used. It follows that at

threshold(yL/2)? ~ (1 — R?)/R2. Using (21.4-47), we obtain the threshold intensity,
from which the threshold power of the pump is obtained,

1 A1-—R?
L (21.4-49)

P3lthreshold (0) ® =5 5 —m5—
2 72 2
¢ L Ri SRO Threshold Pump Power

whereC? = 2wjwy n2d?/n? andA is the cross-sectional area. For exampléAfA =
106, Cc?=10"7 W_l, andR; = 0.9, thenP3|threshold(0) ~ 2.3 W.

DRO. At threshold, two conditions must be satisfied;(L)r? = a;(0) and
as(L) 13 = ay(0), wherer; andr, are the magnitudes of the amplitude reflectances of
the mirrors at the signal and idler frequencies, respdgti8ebstituting fora, (L) from
(21.4-45a), and substituting far (L) from (21.4-45b), and forming the conjugate, we
obtain

(1 - Ry) cosh gal(O) + jR, sinh %a;(O) =0 (21.4-50a)
—jRysinh gal(O) + (1 —Ry) cosh ga;(()) =0,  (21.4-50b)

whereR; = r% andRy = r% are the intensity reflectance of the mirrors at the signal and
idler frequencies, respectively. Equating the values efrtttioa; (0)/a;(0) obtained
from (21.4-50a) and (21.4-50b), we obtain

tanh?(yL/2) = (1 — R1)(1 — Ra) /(R R2). (21.4-51)

Since the right-hand side of (21.4-51) is much smaller thaityuwe can use the
approximationtanh x ~ z and write(yL/2)? ~ (1 — R;)(1 — Ry) /(R Ry), from
which we obtain the threshold pump power:

1 A(1-R)1-1R
P3|threshold (0) & =5 — ( 1) 2). (21.4-52)

2 72
C? L R1Ra DRO Threshold Pump Power
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The ratio of the threshold pump power for the DRO configurgtim that for
the SRO configuration, as calculated from (21.4-49) and4(B2), is(R,/Rz)(1 —
R2)/(1+ Ry). SinceR; =~ 1 andR, ~ 1, this is approximately equal td — Rs)/2,
which is a small number. Thus, the threshold power for the O&®ubstantially
smaller than that for the SRO. Unfortunately, DROs are merssisive to fluctuations
of the resonator length because of the requirement thatdtiation frequencies of
boththe signal and the idler match resonator modes. DROs threreften have poor
stability and spiky spectra.

*21.5 THIRD-ORDER NONLINEAR OPTICS: COUPLED-WAVE
THEORY

A. Four-Wave Mixing (FWM)

We now derive the coupled differential equations that deedfWM in a third-order
nonlinear medium, using an approach similar to that emplay¢he three-wave mix-
ing case in Sec. 21.4.

Coupled-Wave Equations
Four waves constituting a total field

Et)= > ReEjexp(wgt)) = Y 3E;exp(jwgt) (21.5-1)
q=1,2,3,4 q==+1,£2,4£3,4+4

travel in a medium characterized by a nonlinear density
Par, = 4B eE3. (21.5-2)

The corresponding source of radiatidh,= —,0°Px1,/0t?, is therefore a sum of
8% = 512 terms,

8= %,uox(?’) Z <wq +wp + WT)QEquEr eXpU(”q + wp + wr)ﬂ. (21.5-3)
q,p,r==x1,£2,4+3,4+4

Substituting (21.5-1) and (21.5-3) into the wave equatiih4-1) and equating terms
at each of the four frequencies, ws, ws, andw,, we obtain four Helmholtz equations
with associated sources,

(V2+ k) Ey = =S, q=1,2,3 4, (21.5-4)
wheresS, is the amplitude of the component®t frequencyy,.

For the four waves to be coupled, their frequencies must bemensurate. Con-
sider, for example, the case for which the sum of two fregiesrequals the sum of the
other two frequencies,

w1 + w2 = w3 + Wy, (215-5)

and assume that these frequencies are distinct. Three wawvethen combine and
create a source at the fourth frequency. Using (21.5-5pgén (21.5-3) at each of the





