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2 Categorical data: sampling and inference

Modeling the Likelihood as a Multinomial Model

An Example The census of 2011 indicates that there are 159 villages in the
Anuppur district. These small (population< 145), medium (population between
145 and 275) and large (population > 275) sized villages are randomly scattered
across the geographical boundaries of the region.

A random sample (with replacement) of 49 villages is drawn from the this
population. The sample distribution of house types if as follows:

S. No. Village Type Frequency
1 Small 10
2 Medium 28
3 Large 09
4 All 47

We are interested in estimating the proportion, and hence, the number of
the small, the medium and the large villages in the region.

2.1 Maximum Likelihood Estimation

Analysis It is given that there are three categories of houses in the Anuppur
district. Further the sample is drawn with replacement. It means that the prob-
ability of selection of a particular type of house remains the same at each draw.
Thus, the probability of realization of n1, n2, n3 number of houses of respective
types in a random draw is described by the Multinomial Probability Model.
Hence, the likelihood function for the realized sample is given as follows:

Likelihood Function:

l(p1, p2) =
(n)!

(n1!)(n2!)(n3!)
(p1)

n1(p2)
n2(p3)

n3 (1)

Since, p1 +p2 +p3 = 1, the likelihood function may, alternatively be expresses
as

l(p1, p2) =
(n)!

(n1!)(n2!)(n3!)
(p1)

n1(p2)
n2(1− p1 − p2)

n3 (2)

Random Sample: (n1, n2, n3)
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Unknown Parameter Vector: θ = (p1, p2)

The log-likelihood:

L(p1, p2) = log

(
n!

(n1!)(n2!)(n3!)

)
+ n1log(p1) + n2log(p2) + n3log(1− p1 − p2)

(3)

The Likelihood Equations

∂L(θ)

∂θ
= 0 (4)

n1

p1
− n3

p3

n2

p2
− n3

p3

 =

0

0



The Maximum Likelihood Estimator of θ θ̂ =

n1

n

n2

n


Negative of Expected Value of the Information Matrix

−E
(
∂2L(θ)
∂θ2

)
=

[ n
p1

+ n
p3

n
p3

n
p3

n
p2

+ n
p3

]

The Covariance Matrix of the ML Estimators cov(θ̂) =

[ n
p1

+ n
p3

n
p3

n
p3

n
p2

+ n
p3

]−1
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3 Development of tests: large samples

3.1 Wald Test

Null Hypothesis H0 : θ = θ0

Alternative Hypothesis H1 : θ 6= θ0

Test statistics W = (θ − θ0)
′
[cov(θ̂)]

−1
(θ − θ0). The statistic W , under H0

follows a chi − squared distribution with r degrees of freedom. Here, r =
rank([cov(θ̂)]).

3.2 Score test: single parameter case

Null Hypothesis H0 : β = β0

Alternative Hypothesis H1 : β 6= β0

Definitions

u(β) =
∂L(β)

∂β
(5)

u(β0) is the value of u(β) at β = β0

l(β) = −E
(
∂2L(β)

∂β2

)
(6)

l(β0) is the value of l(β) at β = β0

Definition: score statistic Score statistic is the ratio of u(β0) to its null

standard error, which is [l(β0)]
1
2 . It has an approximate standard normal null

distribution. The square of the score statistic is distributed as a chi− squared
distribution with 1 degrees of freedom.
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4 Modeling data as Generalized Linear Model
(GLM)

Likelihood Function: (n)!
(n1!)(n2!)(n3!)

(p1)
n1(p2)

n2(p3)
n3

Since, p1 +p2 +p3 = 1, the likelihood function may, alternatively be expresses
as

{
(n)!

(n1!)(n2!)(n3!)

}
(1− p1 − p2)

n
exp

{
(n1, n2) ·

(
log(

p1
p3

), log(
p2
p3

)}
(7)

Standard form of exponential family of distributions

f(x; θ) = a(x) · b(θ) · exp {c(x) · d(θ)} (8)

A comparison of (5) with (6) implies:

a(n1, n2, n3) =
(n)!

(n1!)(n2!)(n3!)

b(p1, p2) = (1− p1 − p2)
n

c(x) = (n1, n2)

d(θ) =

(
log(

p1
p3

), log(
p2
p3

)

Components of a GLM A GLM consists of three components, the random
component, the systematic component and the link function. The Random
Component is the response variable, the Systematic Component is a linear
predictor consisting of explanatory variables. The Link Function connects
the Random Component and the Systematic Component. In fact, a
function of expected value of the random component is equated to the systematic
component.

Canonical Link The link function as provided by d(θ) is called the Canon-
ical Link. Choice of the link function is prerogative of the investigator. How-
ever, canonical links are popular. In the example cited above the canonical link
of provided by the natural logarithm function. This is a function (here, a
vector field) of expectations of random variables n1 and n2. It should be kept
in mind that p3 = 1− p1 − p2. Further, E(ni) = pi, where, i = 1, 2, 3.
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The regression equations Letting, X1, X2, ..., Xk be the predictor variables.
Further, the linear predictor be defined as follows:

h = α0 +

k∑
1

αi · xi (9)

The linear predictor is connected to the expectation of the random compo-
nent in the following way that makes up set of regression equations :

log

(
p1

1− p1 − p2

)
= α01 +

k∑
1

αi1 · xi1 (10)

log

(
p2

1− p1 − p2

)
= α02 +

k∑
1

αi2 · xi2 (11)

Case of multinomial with two categories - the binomial distribution
In this case the regression equations are defined as follows:

log

(
p(x)

1− p(x)

)
= α0 +

k∑
1

αi · xi (12)

The above equation may also be expressed as:

p(x) =
exp

(
α0 +

∑k
1 αi · xi

)
1 + exp

(
α0 +

∑k
1 αi · xi

) (13)

The kernel of the likelihood function is given as:

K(α) =

n∏
1

{pi(x)}yi {1− pi(x)}1−yi (14)

Here, n is the size of the sample and yi, i = 1, 2...n are observed values of the
random variable. Further, α = (α0, α1, ..., αk).
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The likelihood equations are given by the following vector derivative of
K(α):

∂K(α)

∂α
= 0 (15)

This is a set of k + 1 simultaneous equations in k + 1 unknowns. Solutions
can be obtained by computation intensive numerical techniques.
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5 Exercises

1. Show that the distributions with PMF / PDFs given below are members
of the exponential family:

(a) P (X = x) = e−θ θ
x

x!

x = 0, 1...

(b) fX(x) = 1
θ e

(− x
θ )

x > 0, θ > 0

2. Identify the canonical link pertaining to the GLM in the above two cases.

3. In a random sample of size 120, drawn out of an infinite population the
data on residential preferences were collected. The frequency distribution
of residential preferences is as follows:

Apartments Villas Country House
28 56 36

Provide an expression for the likelihood function. Determine the ML
estimates of the unknown parameters.

4. Develop a score test and test the following hypothesis pertaining to a bi-
nomial distribution given as follows:

H0 : p = 0.6
H1 : p 6= 0.6

Where p is the probability of having cancer.

sample data
cancer no cancer

28 56

5. Develop a Wald test and test the following hypothesis pertaining to a
multinomial distribution given as follows:

H0 :


p1

p2

 =


0.2

0.5


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H1 :


p1

p2

 6=


0.2

0.5



Where p1, p2 and p3 are the probabilities of opting for Apartments ,
Villas or Country House respectively.

sample data
Apartments Villas Country House

28 56 36

6 Topics for revision

The following topics have been discussed in regular classes.

1. Likelihood ratio test

2. Pearson’s Chi squared test
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